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, Abstract. Let 7i„,r be the Ariki-Koike algebra associated to the complex reflec- 

tion group 6n X i'^/rZ)", and S{A) be the cyclotomic g-Schur algebra associated 
to TCn,r, introduced by Dipper-James-Mathas. For each p — (ri, . . . ,rg) £ Z?,q 
f-H ' such that ri + ■ ■ ■ + rg — r, we define a subalgebra of S{A) and its quotient 

. algebra . It is shown that is a standardly based algebra and is a cel- 

lular algebra. By making use of these algebras, we prove a product formula for 
decomposition numbers of S{A), which asserts that certain decomposition num- 
bers are expressed as a product of decomposition numbers for various cyclotomic 
q-Schur algebras associated to Ariki-Koike algebras 'Hni,ri of smaller rank. This is 



> 
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a generalization of the result of N. Sawada. We also define a modified Ariki-Koike 
algebra T-f of type p, and prove the Schur-Weyl duality between 1-f and . 



0. Introduction 



^ ! Let 7i = 'Hn,r be the Ariki-Koike algebra over an integral domain R associated to 

I the complex reflection group Wn^r = &n x (Z/rZ)" with parameters q, Qi, . . . ,Qr G 

^ ' R such that g is a unit in R. Let Vn,r (resp. Vn,r) be the set of r-compositions 

(resp. r-partitions) of n. The cyclotomic g-Schur algebra S{A) associated to 7i was 

^ . introduced by Dipper-James-Mathas [DJM], which is the endomorphism algebra of 

. a certain 7i-module M = M'', where yl is a saturated subset of Vn,r- They 

showed that S{A) is a cellular algebra in the sense of Graham-Lehrer [GL], and that 

the Schur-Weyl duality (i.e., the double centralizer property) holds between H and 

S(A) in the case where A = Vn,r- 

On the other hand, the modified Ariki-Koike algebra Ti was introduced in [SawS] , 

under the condition that (*) "Qj — Qj are units in R for each i ^ j" , based on the 

study of the Schur-Weyl duality between TC and a certain subalgebra of the quantum 

group of type A ([SakS], [Sh]). By using the cellular structure of H, a cyclotomic q- 

Schur algebra associated to Ti was constructed, in analogy to S{A). It was shown in 



[SawS] that this cyclotomic g-Schur algebra is isomorphic to the quotient algebra S 
of a certain subalgebra 5° of S{A), and that the Schur-Weyl duality holds between 

TC and S . Moreover, the structure theorem for S was proved, which asserts that 
5 is a direct sum of tensor products of various g-Schur algebras S{Vn^^i) associated 
to the Iwahori-Hecke algebra of type v4„._i. 
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In [Sa] , N. Sawada reconstructed the subalgebra <S° of S{A) and its quotient S 
based on the cellular structure on S{A), which works without the assumption (*). 
He proved that S'^ is a standardly based algebra in the sense of Du and Rui [DR], and 
showed, in the case where /? is a filed, that the decomposition number d\fj, between 
the Weyl module and the irreducible module L'^ of S{A) (A,/x G Vn,r) coincides 
with the corresponding decomposition number for S whenever |A*^*^| = \fi^^^\ for 
i — l,...,r. This implies in the case where A — Vn,r, under the condition (*), 
that dxi^ can be written as a product of d^{i)n(i) for i = 1, . . . , r, where d^^{i)^(i) is the 

decomposition number of the g-Schur algebra S{Vni,i) with lA*^*-*! — = ni. 

The subalgebra is regarded, in some sense, as a Borel type subalgebra of 
<S{A). For example, we have S{A) = 5° ■ (5°)*, where (S^)* is the image of S'^ 

under the involution * of S{A), and 5 is a quotient of both 5° and (5°)*. Thus S 
corresponds to a Cartan subalgebra. In this paper, we consider a parabolic analogue 
of <S° and S . We fix p = (ri, . . . , r^) G Z^q such that ri + • • -rg — r. According 
to p. we regard an r-partition A = (A*-^'', . . . , A*-''^) as a (^-tuple of multi-partitions 
A = (AW, . . . , Alf]), where A™ = (A(i), . . . , A^'^i)), A^l = (A^^'^+i), . . . , A(''i+^'^)), and so 
on. For example A^ = A*^*-* for i = 1, . . . , r if p = (1' ) with g = r, and A^ = A if 
p = (r) with g — 1. For each p, we define a subalgebra of S{A), and its quotient 
algebra . The algebra coincides with 5° if p = (f), and coincides with S{A) 
if p = (r). Thus is a generalization of »S°, and is regarded as an intermediate 
object between S{A) and 5°. 

All the results in [Sa] can be generahzed to our cases; is a standardly 
based algebra and is a cellular algebra. Assume that it! is a field. For A = 
(AW, . . . , Alf]), = (/iW, . . . , /i^) G Vn,r such that |At^]| = for i = 1, . . . , c/, one 
can show (Theorem 3.13) that the decomposition number dx^ coincides with the cor- 
responding decomposition number in the algebra . In the case where A = Vn,r, we 
prove the structure theorem (Theorem 4.15) for S , which asserts that S is a direct 
sum of tensor products of various S{Vni,ri)- We remark, contrast to the argument 
in [SawS] , that no assumptions on parameters are required in this proof. Combining 
with the previous results, we obtain the product formula for decomposition numbers, 
namely, d\^ coincides with the product of c^aW^w for i = 1, . . . , where rf^H^w is 
the decomposition number for S(Vni,ri) with |AW| = = nj, which holds without 
any restriction on parameters (Theorem 4.17). 

By making use of the Schur functors on S{A), one can define a modified Ariki- 
Koike algebra of type p as a certain subalgebra of 5^. The algebra Ti^ is 
isomorphic to 7i if p = (f), and coincides with 7f if p = (r). Put Qf = Qr^+.-.+n 
for i = l,...,g. Under the assumption (**) "Qf — are units in R for each 

^ 7^ i" ) we give a presentation of which is a generalization of the presentation 
of H given in [SawS]. We show that ^S'' is realized as an endomorphism algebra of 
a certain TY^-module — 0^g^ M^, and prove the Schur- Weyl duality between 
and . In the case where the parameters q, Qi, . . . ,Qr satisfy the separation 
condition in the sense of [A] (see (8.3.1)), it is shown that all the are isomorphic 
to 7i, and so the above results give new presentations of 7i. 
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By using the Jantzen filtration, I'-decomposition numbers d\n{v) for S{A) can 
be defined, wliich is a polynomial analogue of d\^j,. The results in this paper concern- 
ing the decomposition numbers for iS^, iS^ are generalized to f-decomposition 
numbers. In particular, the product formula for ^-decomposition numbers is ob- 
tained, which is discussed in [W] . 

Notation 

Let R be an integral domain and M a free -R-module of finite rank. We denote 
by EndM the endomorphism algebra of M, where the composition is defined by 
(/ o g){m) = f{g{rn)) for f,ge End M,m e M. Thus End M acts on M from the 
left by (/. m) i— > f{m). We denote by End*^ M the opposite algebra of EndM. If an 
i?-algebra A (resp. B) acts on M from the left (resp. from the right), then we have 
a natural homomorphism of i?-algebras A — > End M (resp. B — > End" M). If an R- 
algebra X acts on M from the right or left, we denote by Endx M the subalgebra of 
EndM consisting of endomorphisms commuting with X. The subalgebra End^ M 
of End° M is defined similarly. 
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5. Modified Ariki-Koike algebra of type p 

6. Presentation for Ti^ 

7. Schur-Weyl duality 

8. Comparison of for various p 

1. Recollection of cyclotomic g-ScHUR algebras 

1.1. Let R be an integral domain, q,Qi, . . . ,Qr be elements in R with q 
invertible. The Ariki-Koike algebra Ti = 'Hn,r associated to the complex refiection 
group &ri x (Z/rZ)" is an associative algebra over R with generators Tq, Ti, . . . , T^-i 
subject to the condition 

(To-gi)---(To-g,) = o, 
(r,-g)(r, + ?-i) = o (i>i), 

Tm+iTi = Ti+iTiTi+^ il<i<n-2). 

It is known that is a free i?-module with rank nlr"". We denote by Tin the 
subalgebra of H generated by Ti, . . . , T„_i, which is isomorphic to the Iwahori-Hecke 
algebra associated to the symmetric group &„ of degree n. 
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1.2. It is known by [DJM] that 7i has a structure of the cellular algebra. In 
order to describe the cellular basis of Tl, we prepare some notation. An element n = 
(Hi, . . . , ^m) G Z>Q is called a composition of length < m, and \fi\ = ^ /ij is called 
the size of fi. An r-composition A = (A*^^\ . . . , A*^*")) is an r-tuple of compositions 
A(') = (Af\ . . . , A^;l). The size |A| of A is defined by |A| = ^.^^ |A«|. We denote by 
A by A = (A^*^). A composition /j, = (/xi, . . . , /x^) is called a partition if /Xi > • • • > 
A*m ^ 0. An r-composition A is called an r-partition if A^*) is a partition for all i. 
We fix m = (mi, . . . , m^) G Z,!1.q once and for all, and denote by Vn,r — 'Pn,r{'"^) the 
set of r-compositions A = {\^^\ . . . , A*^*")) of size n such that A*^*^ is a composition of 
length < rrii. Similarly, we define the set Vn,r = ^n,r(m) of r-partitions. U rrii > n 
for any i, P„^(m) are mutually identified with for all m. However even in that case, 

depends on the choice of m. 

For r-compositions A = (A^*"*) and n = {lj!f')-, we define a dominance order A > 
by the condition 

C=l j = l C=l J = l 

for any 1 < A; < r and 1 < i < m^. If A > and A 7^ /i, we write it as A > 11. 

Let A be an r-partition of n. We identify A with the r-tuple of Young diagrams, 
and refer it as the Young diagram of A. We denote by Std(A) the set of standard 
tableau t = (t^^), . . . , t^'^^) of shape A, i.e., t is a Young diagram of A with letters 
1, . . . ,n attached to the nodes of the diagram, under the condition that t*^*-* is a 
standard tableau in the usual sense for each i. We define t'^ e Std(A) by attaching 
the letters 1,2, ... ,n to the nodes of the Young diagram A in this order, from left 
to right, and from top to down for and then for t'-^^ and so on. (5„ acts 
naturally on Std(A) from the right, and we denote by d{t) the element in such 
that t = l^d{i) for each t e Std(A). More generally, the set r-Std(/i) of row-standard 
tableaux of shape /i is defined for fx e Vn,r, by replacing a standard tableau t^'^ by 
a row-standard tableau. Then is defined similarly, and d{t) e is defined also 
for t e r-Std(;u). 

For /J, e Vn,r, we define r-tuples of integers 

a(iji) = (ai, ...,ar), a(//) = (ai, . . . , a^) 

by ai = and = \^^^''^\ for i = 1, . . . , r. (Note that oi = 0.) 

We define Lk e H hy = T^-i ■ ■ ■ T^TqTi ■ ■ ■ Tk-i for A; = 1, . . . , n. Then 
Li, . . . ,Ln commute with each other. For a = (oi, . . . , a,.) e Z>q, we define 
by w+ = iia,i^ia,2 • • • tia.r, where 

i=l 
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For /X e Vn,r, let &^ — 6^(1) X • • • X 6^(r) be the Young subgroup of 6„. we 

define xx e Hn by x^ — X^^gg^ q^^'^^Ty,, wfiere l{w) is the length of w e 6„, and 
is a basis element of Tin corresponding to w e 6„. We define m^^ e by 
= Ma-^M = x^u^. For s, t G r-Std(/i), we define m^t G 7i by mgt = T^*(g)m^Td(t), 

where a; i— > a;* is an anti-automorphism on Tin defined by = Tj for i = 1, . . . , n — 1. 

Then it is known by [DJM, Theorem 3.26] that the set 

(1.2.1) {m^t I s, t G Std(A) for some A G Vn,r} 

gives a cellular basis of Ti. with respect to the dominance order on Vn,r in fbe sense 
of [GL]. In particular, if we denote hy h* the anti- automorphism on H. defined 
by T^* = Tj for i = 0, n — 1, we have m*^ — mtg. 

1.3. Here we recall the concept of semistandard tableau in the case of multi- 
partitions due to [DJM]. We consider the set X of pairs (i, k) with 1 < i < n, 1 < 
k < r, and define a total order on this set by {ii,ki) < {i2,k2) if ki < k2, or 
if ki — k2 and ii < 12- For an r-partition A of n, a Tableau T of shape A is 
defined as a Young diagram A with an element of X attached to each node of A. 
For each (i, /c) G X, let /i-'^'* be the number of entries of T containing (i, A;). Then 
jji = {jJif^) is an r-composition of n. The Tableau T is called a A-tableau of type 
ji. A Tableau T — {T^^\ . . . jT'^')) of shape A is called a semistandard tableau if 
it satisfies the properties; the entries of T^*) are weakly increasing along the rows, 
strictly increasing along the columns with respect to X, and furthermore the entries 
of T'^'^^ consist of (i, k') with k' > k. We denote by Tq(\, fi) the set of semi standard 
tableau of shape A and type for A G Vn,r and G Vn,r- Note that 7^(A,/x) is 
empty unless A > /x. 

Let t be a standard tableau of shape A. For n G Vn,r, we construct a Tableau 
/i(t) from t as follows; replace the entry j in t by (i, k) if j appears in the i-th row 
of the k-th. component (f^j^*^) of t^. /x(t) is a A-tableau of type fx, but it is not 
necessarily semistandard. 

1.4. For each /i G Vn,r, we define a right ?i-module M'* by M'^ = rriiJi. It is 
known by [DJM, Theorem 4.14] that M*^ is a free i?-module with basis 

(1.4.1) {msi I S G To{X, /x), t G Std(A) for some A G K,r}, 
where 

(1.4.2) msi= Yl ?'^'^""+'^''^'"^.t. 

seStd(A) 
n{s)=S 

A subset A of P„,r(m) is called a saturated set if any partition A such that 
A > for some fi E A is contained in A. We denote by A^ the set of r-partitions 
of n contained in A. Put M — ®aeA^^- "^^^ cyclotomic g-Schur algebra S{A) 
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associated to H (and to A) is defined by 

S{A) = Endn{M) = RouiniM" , M^"). 

We consider the structure of HomniM" , M^") for ^x,v e A. Let M^* = {M")* 
be the image of Af^ under *. We have M'^* = Timu. It is easy to see that for any 
m e M'^* n = Tim^ fl m^H, the map rrii^h h- >• m/i {h E 7{) gives rise to an 
7i-module homomorphism '■ M'^ M^. It is known by [DJM, Corollary 5.17] 
that the map (f i— > (filrrii,) gives an isomorphism of i?-modules 

(1.4.3) Hom>^(M^, M'') n M^. 

Suppose that ji.v e A, and \ e A+ . We define for S e %{X, ii),T e %{X, u) 

(1.4.4) msT^ J2 g^('^(^))+'('^('))m,t. 

s,teStd(A) 
n{e)=S,u{t)=T 

Then it is known by [DJM, Proposition 6.3] that the set 

{msT I S e To{X, ii),T e %{X, u) for some A e A'^} 

gives rise to a basis of M''*nM'^. We denote by ipsT the element of Hom>^(M'', Af*) 
corresponding to msr via the isomorphism (1.4.3). Thus cpsT is a map M'' — > M'* 
defined by ipsriiTiuh) = msTh for any h E H. For each A G vl"*", put %{X) = 
[j^^y^To{X, n). The fundamental result of Dipper- James-Mathas is the following 
theorem. 

Theorem 1.5 ([DJM]). The cydotomic q-Schur algebra S{A) is a cellular algebra 
with a cellular basis 

C(A) = {ipsT \S,T e %(X) for some X e A+}. 

1.6. For A G yl+, let = A(t^). Then is a semistandard tableau obtained 
from t'^ by replacing the entries j in (t'**)^'^) by {j,k). Then t = t'^ is the unique 
standard tableau such that A(t) = T^. It follows that uit^t^ = ^t^t^ = rnx, and 
ipT>^T^ is the identity element in Hom7^(M^, M^). We put ip\ — ipx^T^- 

For each A G /l"*", we define 5^'^ as the i?-submodule of S{A) spanned by ^st-, 
where S,T E Tq{X', fi) for various A' G /l^ such that A' > A, and for various fi E A. 
Then is a two-sided ideal of S{A), and we define the Weyl module as the 
right <S(vl)-submodule of S{A)/S^^ generated by the image of (px £ <5(yl). For each 
T G ^(A), let (fT be the image of (frpxj. in W^. Then the following holds; is an 
i?-free module with basis {ipr \ T G 7o(A)}. There exists a canonical bilinear form 
( , ) on PF'^ determined by 



Vt>'sVtt>' ={'^s-iVt)Vt>'-t>' mod S 
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Let radVl^'^ ^ {x E \ {x,y) = for any y e W^}. Then radVl^-^ is an S{A)- 
submodule of W^. Put = W'^/ ra.dW'^. Assume that i? is a field. Then it is 
known by [DJM] that is a (non-zero) absolutely irreducible module, and that the 
set {L^ I A e gives a complete set of non-isomorphic 5(yl)-modules. 

2. Parabolic type sub algebras of S(A) 

2.1. In [Sa] Sawada constructed a subalgebra of S{A) and showed that 

its quotient algebra S coincides with the cyclotomic g-Schur algebra associated 
to the modified Ariki-Koike algebra discussed in [SawS] under some condition on 
parameters (see Introduction). 5° is regarded, in some sense, a Borel type subalgebra 
of S{A). In this section, we extend his result to a more general situation, i.e, to the 
parabolic type subalgebras. 

2.2. Let A and A'^ be as in Section 1. We fix p = (ri, . . . , r^) e Z^q such that 
r = ri + ■ — h for some g, and put Pk — ^iZi fi ior k — 1, . . . , g with pi — 0. For 
each n = (/x*-^-*, . . . , n^^^) e A, put 

ap{ii) = (ni, . . . , rig), ap(//) = (ai, ...,%), 

where = ^iid = ^.fz/ for k = l,...,g with ai = 0. By 

making use of p, we express the r-compositions as the (^-tuples of multi-compositions 
as follows; let //. = (/x'^^\ . . . , /x*^^)) e Pn,r- We write as (//.[^l, . . . , //I^'), where 

= (//(P'=+-'-\ . . . , /i(P*=+'''=)) is an rfc-composition of n^. Note that ap(/x) (resp. 
Q;p(/x)) coincides with a(/i) (resp. Q;(/i)) in 1.2 in the special case where p = (l*"). 

We define a partial order on Z>q by a = (ai, . . . , a^) > b = (6i, . . . , 6g) if > bk 
ioT k = 1, . . . , g. We write a > b if a > b and a 7^ b. The following properties are 
easily verified. 

(2.2.1) Let fi,u e A,Xe A+. Then we have 

(i) ap(yu) = ap(z/) if and oliy if Q;p(/i) = ci;p(z/). 

(ii) li u > jj,, then ap(z/) > ap(/i). In particular if 7^(A, /x) 7^ 0, then A > (cf. 
1.3), and so ap(A) > ap(/i). 

For each A e A'^^/j, e yl, we define a set T^{X,iJ,) by if ap(A) = ap(/x) 

and by the empty set otherwise. Put Tq{\) — U//eyi ^''('^j A*)- 

Example 2.3. Let n = 20, r = 5 and take 11 = (21; 121; 32; 1^; 41) G ^20,5- Let p = 
(2,2, 1). Then Q;p(/x) = (7,8,5) and ap{n) = (0,7, 15). We have n = (//W, /^l^l, ^^l^^l) 
with /xW = (21; 121), //PI = (32; 1^), //[^l = (41). 

2.4. Let CP = CP(yl) be the set of ipsr e C{A) for ,5 e 7^(A, //), T e 7^(A, i/), 
where /i, G yl, A G A'^ are taken subject to the condition that ap(A) > ap(yu) if 
Q;p(/x) 7^ ttp(z^)- We define an i?-submodule = S^{A) of S{A) as the i?-span of 
CP. We will see that is a subalgebra of 5(/l) and that turns out to be a 
standardly based algebra in the sense of Du-Rui [DR] . Note that in the case where 
p = (1^), 5P coincides with 5°. 
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First we note that the identity element is{A) is contained in S^. In fact, one can 
write ls{A) = '^n^A^t^^ where (p^ G S{A) is the identity map on Af. Since ip^ is 
written as a hnear combination of LpsT with 5, T G %{\,^), we see that 1s(a) £ <S^- 

In order to relate with the standardly based algebra, we introduce a different 
kind of labehng for C^, following the idea of [Sa]. Let us define a subset of 
A+ X {0, 1} by 

rP=(^+x{0,l})\{(A, 1) |To(A,/x)=0 

for any G vl such that Bp (A) > ap(/x)}. 

We define a partial order > on by (Ai,£i) > (A2,£2) if Ai > A2 or Ai = A2 and 

For each r] = (A, s) G U^, put 

r roP(A) if £ = 0, 



U ro(A,/x) if£ = i. 



ap(A)>ap(/x) 



JP(77) = 




if £ = 0, 
if £ = 1. 



Note that I^{r]) and Jp(77) are not empty. If we put, for 77 G U^, 

C^{v) = WsT\Sel^{v),TeJ^{v)}, 

we see easily that 

For each 77 G Z'p, we define a submodule (5^)^'' of 5^ as the i?-span of (fisT, where 
S G I^{r)'),T G JP(V) for some r/' G such that 77' > 77. 

By using the cellular structure of S{A), the following result can be proved in a 
similar way as in [Sa, Lemma 2.4]. 
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Lemma 2.5. Take \ e , ji^, Ui & A for i — 1,2 such that ui — 1^2- Then for 
fSiTi £ with Si e %{Xi, lJ'i),Ti e %{Xi, Ui), the followings hold. 



^ rST^ST + ^ ^ rsT^ST 
A>Ai <^sTeCP(A,l) 



r5r</?5T+5]] ^ rsT^ST if (PS2T2 & C^{>^2,0), 

ipsT eCp ( A2 ,0) A>A2 v'sT eCp (A) 



A>A2 vstGCp(A,1) 



z/<^s2r2 eCP(A2,l), 



w;/ierer5T G and Cp(A) = C:p(A, 0) U Cp(A, 1). 

The following theorem is a generalization of [Sa, Theorem 2.6]. The proof is 
done similarly by using Lemma 2.5. 

Theorem 2.6. is a subalgebra of S{A) containing the identity element of S{A). 
Moreover, turns out to be a standardly based algebra with the standard basis 
in the sense of [DR], i.e., the following holds; for any (p & S^, (psr £ C^iv)) we have 

V ■ VST = 5^ fs'Vs'T mod (^P)^", 
VST ■V= fT'VST' mod {S^y^ 

T'GJP(r;) 

with fs'jfr' G -R; where in the first formula fs' depends on {ip,S,S') but does not 
depend on T, and in the second formula f^, depends on {ip, T, T') but does not depend 
on S. 

2.7. For each rj G Z'p, let ^ be an i?-module with a basis {ip^'g \ S G /p(?7)}, 
and be an i?-module with a basis {99^ | T G Jp(?])}. In view of Theorem 2.6, 
one can define actions of on ^Z'^ and on Z^ by 

v\-V- E {TeJ^(v),V^S^), 

T'eJP{ri) 



where fs'^fr' ^ ™ theorem. Then ^Z'^ (resp. Z'^) has a structure of the 
left »SP-module (resp. the right »SP-module). Moreover the theorem implies, for any 



10 SHOJI 

'^utt'^sv £ Cp(?7), that there exists fTs £ R (independent of the choice olU,V ) 
such that 

<PuT<Psv = fTS<Puv mod {S^^. 

We define a bihnear form '.^ZlxZl^R by I3^{ip% (p^) = frs for S E I^{r]),T e 
JP(77). Put 

radZ^ ^{yeZl\ (3r,{x,y) = for any x e ^Z^}. 

Then radZ^ is an <SP-submodule of Z^ and we define the quotient module = 
Z^/ radZ^. By the general theory of standardly based algebras (see [DR]), we obtain 
the following corollary, which is a strengthened form of [Sa, Proposition 3.7]. 

Corollary 2.8. Assume that R is a field. Then 

(i) is an absolutely irreducible -module if it is non-zero. 

(ii) The set {L^ 7^ | 77 e S^} gives a complete set of non-isomorphic irreducible 
right S"^ -modules. 

Remarks 2.9. (i) In [Sa], only the case Z^'^^ is discussed (for p = (1^)). In that 
case (for arbitrary p), we have the following description on the basis of Z^'^^ as in the 
case of the Weyl module W^. For each A G , ipx = (Pt^t>' is contained in C^{\, 0). 
We consider the «SP-submodule of S^/iS^y^^'^^ generated by the image of (p\. 
Since T^ e /p(A, 0), we see that (prxr e Cp(A, 0) for any T e Jp(A, 0). We denote by 
(p'j, the image of cptxt on S^/ («Sp)^^'^'°^. Then one can check that cp'rp e and that 

the map (fT ^'t gives an isomorphism Zp'^''^^ — > of <SP-modules. In particular, 
we see that z'^'^^ is generated by <^^x°^ as an <SP-module. 

However, the above argument can not be applied to Z^'^^ since (fj-XT ^ 5p for 

T e JP(A, 1)\JP(A, 0). It is not known whether z'^'^^ is generated by one element 
as an (SP-module. 

(ii) For any A e yl+, we have 4"^'°^ ^ 0. In fact, since T^ e /p(A, 0) n Jp(A, 0), 
we have /taj^a = 1. This implies that /3(a o)(v^^a''\ <^^a°'') — 1 and we see that 
radZ^'°V^r^- 

This argument cannot be applied to Z^'^^ since T^ ^ -^''(A, 1) and so </7^/^ ^ 
Ozi^'^\ It is not known when 4^'^^ ^ 0. 

2.10. Recall that t-^ (p* he the anti-automorphism on S{A) defined by 
<PST ^ <fTS, related to the cellular structure. Let <Sp* = (<Sp)* be the image of 
under the map *. Then S^* is a subalgebra of S{A), and it is easy to check that S^* 
is a standardly based algebra with the standard basis C^* — U^g^'p ^''l^)*' where 

C'ivr = WsT e C{A) I S e J^{v),T e I^{r))}. 
In a similar way as in [Sa, Proposition 3.2], one can show the following result. 
Proposition 2.11. We have S{A) = ^p • S^* . 
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2.12. Let be the i?-submodule of spanned by 

CP = CP\{(^5T \S,Te roP(A) for some A e A+}. 

Then by the second and the fourth formulas in Lemma 2.5, turns out to be a 
two-sided ideal of S^. We denote by .S'' = <5^(yl) the quotient algebra S^/S^. Let 
77 : ^ he the natural projection, and put ip — 7r{(p) for (p e S^. It is easy to 
see that is an i?-free module with the basis 

= {^^y \S,Te roP(A) for A e yl+}. 

Similarly, one can define a quotient algebra iS''* = S^*/S^*, where S^* = (S^)* is a 
two-sided ideal of S^* . Let tt' be the natural projection S^* — > S^* , and put ^' = 
TT'iif) for G 5P*. Then S^* has an i?-frcc basis C^* = {Jp'sT \ S,T e T^{X),X E 
A~^}. It is clear that Ipgj^ i— >■ Ip'grp gives an isomorphism — >■ S^* of /2-algebras. 
On the other hand, the anti-algebra isomorphism — > S^* induces an anti-algebra 

p 

isomorphism S — > 5 ^ Vts- follows that the map Tpgrp i— > Tprpg induces 

an anti- algebra automorphism * on 5^. Thus we have the following theorem (cf. 
[Sa, Theorem 4.8]). Note that the second assertion is obtained from the cellular 
structure ol S{A). 

Theorem 2.13. is a cellular algebra with a cellular basis , i.e., the following 
property holds; 

(i) ipgrp i-^ (^5t)* = gives an anti-algebra automorphism * on . 

(ii) Let {S^y^ be the R-submodule of spanned by Tpgj^ such that S,T E Tq{\') 
with X' > A. Then for any Xe A+,S,T e T^{X),^ e , 

^ST-^= X] ^T'TpsT' mod (5^)^^, 
T'erP(A) 

where r^' £ R depends on A, T, Jp, but does not depend on S. 

2.14. We apply the general theory of cellular algebras to . For each A G /l"*", 
j-^P^vA jg ^ two-sided ideal of 5^, and we define the Wcyl module as the S^- 
submodule of the right iS^-module /{S^Y^ generated by 'iprpxrpx + {S^^^. Let Tprp 
be the image of Tprpxj, on /{S^^^. Then the set {Tfrp \ T G 7^''(A)} gives a basis 
of Zp. The symmetric bilinear form ( , )p : Z^ x Zp — > is defined by the equation 

(^5 > ^t)p ^t^ta = 'Pt^s'Ptt^ mod (S^y^ . 

Then the radical radZp of Z^ with respect to this form is an »S^-submodule of Z^, 
and we define an <S^- module by — Z^/ radZp. Since (^T>^,^r^)p = 1, we see 
that Lpy^O for any A e yl"*". By the general theory of cellular algebras, we have 
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CoroUeiry 2.15. Suppose that R is a field. Then, for any A e A^, is an 
absolutely irreducible -module, and the set {L^ \ X G A^} gives a complete set of 
non-isomorphic -modules. 

3. Decomposition numbers for S{A),Sp and 

3.1. By the discussion in the previous section, we have the following diagram. 

SP S{A) 

TT 

where l is the inclusion map, and tt is the natural surjective map. We have con- 
structed the Weyl modules W^, and Z^ for «S(yl), 5p and S^, and assuming that R 

is a field, the irreducible modules L'*, L^', L^, respectively for A, e A'^, rj, rj' e E^. 
We consider the decomposition numbers 

[w'-.l'^Wa), [zi.Li]s., [Zp-.r^y 

for S{A),SP and 5*^. By using the above maps, we shall discuss the relationship 

among these decomposition numbers. 

First we consider the relation between and S^. We regard an iS^-module as 
an iSP-module through the map tt. The following lemma is easily verified if we notice 
that 7r((5P)^(^'0)) ^^vA ^^^^ ^^^^^^^^(A,o)^^(A,o)^ =(^5,^t)p for S,T e ^(A). 

Lemma 3.2. (i) For any X G A'^, the map (^^^'^^ ^ '(px (T G Tq[X)) gives an 

isomorphism Z^'^^ Z^ of -modules . 
(ii) Assume that R is a field. Then the above map induces an isomorphism 
~Xp ofSP-modules. 

The following proposition is proved in a similar way as in [Sa, Theorem 4.15] by 
taking the lemma into account. 

Proposition 3.3. Assume that R is a field. Then 

(i) The composition factors of Zp'^^ are isomorphic to L^p'^^ for some ^ G A'^ 
such that X> II. 

(ii) For any A,// G A+, we have [Z^ : = [Z^^'^^ : 

(iii) For A, G A'^ such that ap{X) ^ o;p{fx), we have [Z^ : Lp]-^p — 0. 

3.4. Next we consider the relation between S{A) and S^. Since is a 
subalgebra of S{A), wc regard an iS(yl)-module as an ^^-module by restriction. 
Recall that Jp(A, 0) = roP(A), Jp(A, 1) = %{X) for XeA+. Thus the basis of Z^^'°^ 
is {(p^r^'^^ I T G ToP(A)}, the basis of Z^^'^^ is {ip^r^'^^ | T G 7^)(A)}, and the basis of 

is {(fix I T" G 7^(A)}, respectively. The following result is imphcit in [Sa]. 



CYCLOTOMIC g-SCHUR ALGEBRAS 

Lemma 3.5. For each A e , the fallowings hold. 



13 



(i) The map (p>p ^ ^ ^^('^)) an injective homomorphism 
^(,-^'0) ^ ^(^-1) of S"^ -modules. 

(ii) T/ie map (/'t'^'' ^ £ gives an isomorphism Z^'^^ 2^W^ of 

-modules. 



Proof. Take ipsT e C{A) {S,T e To{X)), and ^eS^. By the property of the cellular 
algebra S{A), we have 

if ST ■ ^ = ^T'^psT' mod (S(yl)^'^. 

T'Gro(A) 

Since <^5t e and fl 5p = (5p)^(^'^), the congruence relation by S{Ay^ 

in the above formula can be replaced by {S^y^-^'^\ In particular, for cpsr £ 
CP(A, 1),(^ e 5P, we have 

(3.5.1) VsT-V= Yl ^T'^PST' mod (5P)'^(^'^). 

r'ero(A) 

On the other hand by the second formula in Theorem 2.6 we have, for ipsr G 
CP(A,0),(/pe5P, 

cpsT-V= Yl f^"^ST' mod (5P)^(^'°). 
T'erP(A) 

But the first formula in Lemma 2.5 shows that ipsT' £ Cp(A, 1) does not appear in 
the expression of ipsT • V except ipsT' £ Cp(A,0). It follows that the congruence 
relation (^p)^'^'^'"^ in the above formula can be replaced by (cSp)^(^'^). Thus we have, 
for ^ST e CP(A,0),99 e 5p 

(3.5.2) VsT-V= Y fT'VsT' mod (5P)^(^'^l 

We now prove (i). For T e 7^^ (A), 93 e 5p, one can write as 

(A,o) (-^.0) 

(A,l) V"^ / (A,l) 

T'eToiX) 
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By the definition of Weyl modules, we see that qt' — fx' and g'r^, — tt'- Thus by 
comparing (3.5.1) and (3.5.2), we have 

ifT'GToP(A), 
otherwise. 

This proves (i) . The assertion (ii) is proved in a similar way. □ 

The following proposition can be proved in a similar way as in [Sa, Theorem 
3.3]. 

Proposition 3.6. For each A e , there exists an isomorphism of S {A) -modules 

Z'^'^^ 05P S{A) 2^ 
which maps (p'^f^ifj ^ if to ipx^^ipip for i(j G S^, ip G S{A). 

3.7. By Lemma 3.5, the map ip^'^^ i— > </?r gives an injective homomorphism 

fx : Zp^'^^ of (SP-modules. By this map we regard Zp^'^^ as an «SP-submodule 

of W'^. We have the following lemma. 

Lemma 3.8. Assume that A G A^ . 

(i) Let M be an S^-suhmodule of Z^'^\ and M be the S{A)-suhmodule of 
generated by M. Then M ft = M. 

(ii) Let Ml C M2 be S^-submodules of Zp^'^\ Let Li be the inclusion map Mi 
Z^'^\ and ii ® Id be the induced map Mi ®5p S{A) — >• Zp^'^^ S{A) for 
i — 1,2. Then we have Im(ti (8) Id) C Im(t2 <8) Id). 

Proof. We show (i). Take x E M f] Z^''^\ We write x = X]Te7;P(A) ^rV'r Since 
X e M, one can write x = yiipi with ipi eS{A),yi = Y.t^j-p^^x) ^T,i^T'^^ ^ Z^^'°\ 
Hence we have a relation as elements in VT'^ 



This means that 

^ rTipT^T = Y X] ^T,i¥^T^Ttpi mod5(yl)^-^. 

Put a ~ ap{\). Take u E A such that Oip{i') = a and multiply ip^, on both sides of 
the above equation. Note that ip,, G 5^ is a projection from M to M'^, and we have 
SPnS{Ay^ = (cSP)^(^'i) C (5P)^(^'0). It follows that 

rr^PT^T = rT,i(pT^T'tpiVu mod (5P)^^^'°^. 
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Since this holds for any 1/ & A such that ap{i') — a, we have 

(3.8.1) Yl rTVT^T= X E E ^T,i<PT^T^iV. mod 

ap(i')=a 

Put ifa = T^y^y-i where v runs over all the elements in A such that Oip{i') = a. 
Since is the projection from M onto M° = , we see that '^T>'T'^a — <Pt>'t 

for any T G 7^''(A). Moreover we note that (fiai^ifu £ since it is contained in 
Hom-H(M^,M"). It follows that 

for T e ^''(A). Thus one can rewrite (3.8.1) as a relation on Z^^'^^ as 

ap{u)=a 

This shows that x — "^^ Y^- yi{(Pa'^iVi^) £ M as asserted. 

Next we show (ii). Under the embedding ^ W^, Proposition 3.6 imphes 

that Im(ij (g) Id) = Mj. Take x E M2\Mi. Suppose that Mi = M2. Then x E 
Ml n = Ml by (i). This is a contradiction. □ 

By making use of Lemma 3.8, we show the following lemma. 

Lemma 3.9. Assume that R is a field. Then for each X E , there exists a unique 
maximal S{A)-suhmodule of Lp'^^ (8)5? S{A) such that 

L^p'^^ ®5P S{A)/N^ ~ L\ 

Proof. Since Lp^'^'' ~ Z^'^^ / radZp'^'^'*, we have a surjective homomorphism 

4"'°^ ®5p5(v1)^L(,^'°) ^s^SiA) 

as 5(/l)-modules. Since Lp'^'°'* 7^ 0, we have L^'^^ <S{A) 7^ by Lemma 3.8, 
and the kernel of this map is a proper 5(yl)-submoduIc of S{A). But 

Zp''^^ ®5p 5(yl) is isomorphic to by Proposition 3.6, and ~ W^/ Ta.dW^. 
Since radVF'^ is the unique maximal submodule of W^, we see that there exists a 
surjective homomorphism L^'^^ S{A) of 5(yl)-modules. It is clear that 

A^'^ is the unique maximal submodule since it is a quotient of rad W^. □ 

Lemma 3.10. Assume that R is a field. For each A E A'^ , the S^-module 
contains L^'^^ as a submodule. 

Proof. By definition, we have /3a(¥'5''°'*, '°'') ~ {^Si^t) for any S,T E 7^^(A). 
Moreover, one can check that {ips,Vt) = for 5 e %{X)\%^ (X) , T E T^iX). It 
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follows that /^(radZp'*''^^) C radl^'^, where fx : Z^'^^ ^ is the injective map 
given in 3.7. Then fx induces a homomorphism fx : -Lp^'°^ — > of <SP-modules. 
Since /a(</'^a°^) — Vt>' ^ radl^'^, fx is a non-zero map. Since Lp^'°^ is an irreducible 
<SP-module, fx is injective. This proves the lemma. □ 

The following two results are generalizations of [Sa, Theorem 5.6, Theorem 5.7]. 

Proposition 3.11. Assume that R is a field. Then for \iJi & A'^ , 

Proof. We consider a composition series of Zp^'^-* as an 5P-module 

= Mo C Ml C • • • C Mfe = Z^^^^^ 

such that Mj/Mj-i ~ L^^''^\ Let ij : Mj ^ Zp'^'^^ be the inclusion map and 

Lj (g) Id : Mj S{A) ®5P S{A) be the induced map. Put Aij = Im(tj(8)Id). 

We have a filtration 

= Mo C Ml C • • • C A^fe = Z^^'O) (8)5p 5(yl) ~ 

of 5(yl)-submodules of by Proposition 3.6 and Lemma 3.8. In order to prove 
the proposition, it is enough to show that L''^ occurs in the composition series of 
M.j/M.j-1 for each j. Since Mj/Mj^i ~ L^^''^\ we have the following diagram of 
5 (yl) -modules 

Mj_i(gS{A) > Mj®S{A) > Lir^'°^ > 



> Mj-i > Mj > Mj/Mj-i > 

where the vertical maps are surjective. Thus we obtain a surjective homomorphism 
Lp'^^ (8)5P S{A) M.j/M.j-1. On the other hand, by Lemma 3.9, we have a surjec- 
tive homomorphism L^'^^ (gj^p S(A) — > L'^, whose kernel is the unique maximal 
submodule. This implies that we have a surjectie homomorphism Mj/Mj-i L^^ . 
Hence L^^ occurs in the composition series of Mj/Mj-i, and the proposition is 
proved. □ 

Proposition 3.12. Assume that R is a field. Then for any X, IJ> & A'^ such that 
ap(A) = ap{n), we have 

Proof. Consider a composition series of as an 5(yl)-module 



O^WoCWiC--.CWk^W 



CYCLOTOMIC g-SCHUR ALGEBRAS 



17 



such that Wj/Wj^i ~ L'^j for some fij e We consider this as a filtration of 
as »SP-modules. Since L^'^ contains Lp^^'°^ as an 5P-submode by Lemma 3.10, there 
exists an »SP-submodule Wj of Wj containing Wj^i such that Wj/Wj^i ~ Lp^'^\ 
By 3.7, we identify Z^-^ "^ as an 5P-submodulc of W^, and put Mj = zi^'^MvF,- and 
Mj = Z^^'^^ n W^. We have a filtration of by 5P-modules 

= Mo C M{ C Ml C • • • C Mfe_i C M^ C M^ = n = 

We claim that 

(3.12.1) Mj_i ^ M; if ap(/ij) = ap(A). 



Note that (3.12.1) implies the proposition. In fact, M'-/Mj_i ~ Lp ' since it is 

isomorphic to a non-zero submodule of It follows that Lp^^'"'' occurs in the 

composition series of Mj/Mj_i for each j, and the proposition follows. 

We show (3.12.1). Assume that Q;p(/Xj) = ap(A). Then the image of (f^rj^ilf^ G 
Zp^^'°^ to L^p^'^'' gives a non-zero element (pjin L^^'^^ by Remark 2.9 (ii). We choose 
Xj e corresponding to (pj under the isomorphism Wj/Wj^i ~ Lp'^^'"^. 

Since (pj(Pij.j — (pj, we have Xj(p^. e Since e VFj C VF^, one can write 

Xj — J^TeToiX) 'f'T^T- Now cpnj is a projection from M onto M^^^. Hence 

Here T^{X,iJ,j) C ^^(A) = Jp(A, 0) since ap(yUj) = «p(A). It follows that the right 
hand side of the above equation is contained in Z^'^\ and so Xjip^. £ M'-\Mj_i. 
This proves (3.12.1), and the proposition follows. □ 

Combining Proposition 3.3, Proposition 3.11 and Proposition 3.12, we have the 
following theorem (cf. [SawS, Theorem 13.6]). 

Theorem 3.13. Assume that R is a field. For any A, e A'^ such that Q;p(A) = 
cXp{lJ>), we have 

4. Structure theorem for 

4.1. In this section, we assume that A = 'Pn,r{™^)- For each jj, E A, let 
TV^pCm) be the i?-submodule of H spanned by such that 5, t e Std(A) with 
ap(A) > ap(/x). Since A > implies ap(A) > ap(/i), A^^p(^) is a two sided ideal of 
n. Put M'' = M^ n Ar^p(/^). Then M^ is an Ti-module with the basis {mst \ S e 
%{X, n),ie Std(A), ap(A) > ap(//)}. We define an 7i-module W by M" = M^'/M^' 
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and let / : be the natural surjection. Put rfisi — f{msi) for a basis 

msi e M^". Then 

(4.1.1) {msi I S e r^{X, ii),te Std(A) for A e A+} 

gives a basis of M^. 

4.2. We write m = {mi, . . . ,mr) in the form m = (mW, . . . , ml^l) where 
= (mp^+i, . . . ,mp^+^J. For each Uk G Z>o, put = :P„^,r^(mW) and 
^Hfe = ^nfc,rfc(m['^l). {j{^^ or is regarded as the empty set if Uk = 0.) Let 
H = . . . , fi^^'^) G be an r-composition and write it as = . . . , yu'^l). 

Then an /^-tableau t = {t^^\ . . . , t^^^) can be expressed as t = (t'-*^!, . . . , with 
^[k] ^ (i(Pk+-^)^.,.^t(Pk+rk)^^ ■ft.here #1 is a /x^-tableau. Take X e A+, e A such 
that ap(A) = ap(/i). Then an A-tableau T = {T^^\ . . . ,T('')) of type jj, can be ex- 
pressed as T = (TW,...,T[51) with Tl'^l = (r(P'=+i), . . . , where Tl'^l is a 
Al'^l-tableau of type /xl^l 

The following lemma is easily verified. 

Lemma 4.3. Let a — (ni, . . . , Ug) G Z£.q &e suc/i ^/la^ ni + • • • + = n. Then 

(i) T/ie map i— > (//'^', . . . ,/^'^^) a bijection between {fj, E A \ ap{fj,) — a} 
and Am x ■ ■ ■ x An^^ ■ 

(ii) The map A i— (A^^', . . . , A^^^) gives a bijection between (A G A'^ \ Q;p(A) = a] 
and yl+ X ••• X yl+ . 

(iii) For eac/i A G tI^, fj, E A such that ftp (A) = ap{fi), the map T i— > (TW, . . . , T^^l) 
gives a bijection T^{X,pl) ~ 7^(AW,/iW) x • • • x 7^(A[»], 

4.4. Let a = {ni, . . . ,ng) G Vn,i- For each A G /I'*' such that Q;p(A) = a, we 
define a subset Std(A)o of Std(A) as the set of t = (t'"*^', . . . , t'^') such that the letters 
contained in the tableau t'^' are exactly {ni + - ■ ■ + nfc_i + l, . . . ,ni + - ■ ■ + nk}- Then 
the set Std(A)o is in bijection with the set Std(A[^]) x • • • x Std(A[^]) under the map 
t (tt^l, . . . , t[^]). For each ji E A such that Q;p(//) = a, we define an i?-submodule 
Mq of as the i?-span of m^t such that S G %^{X, fi),t G Std(A)o for various 
A G We write /i = (/il^l, . . . , /il^l) as before. Take s G Std(A) such that /i(s) = S" 
for S G ToP(A, ^) with ap(A) = ap(/x) = a. Then 5 G Std(A)o and s^^l G Std(At'=l) has 
the property that fi'^'^^s^''^) — S^'^^ This gives a bijection between the set of s G Std(A) 
such that /x(s) = S and the set of (sl^l, . . . ,£[^1) G Std(A[il) x • • • x Std(A[»]) such 
that /^[''^(sl*^]) = for each k. Combined with (1.4.1), (4.1.1), this implies that 

(4.4.1) The map frist i— > rngmim <S) ■ • ■ <S> '>Tls[g]^[g] gives an isomorphism of i?-modules 

Put Ha = ^ni,ri®- " -^Un^Tg- Siucc M^'" is an -module, ikf^"' ®- • ■®M^'^'^ 
has a structure of an T^Q-module. We denote by T^\ . . . ,T^^Li the generators of 
Hnk,rk corresponding to 7o,---,2n-i in the case of Hn,r, and more generally we 
denote by T^^ for w G 6^^. the element corresponding to Tyj G Then T^''^ acts on 
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M^'^'%■ ■ •(gjM'^'"' for i = 0, . . . , rifc-l, through the action of ^® l^Ca-'^) e 

Ha on it. 

Recall that Li = Ti_iTj_2 ■ ■ ■ TiTqTi ■ ■ ■ Tj_2Tj_i e 7i for i = 0, . . . , n — 1. The 
following lemma is crucial for later discussions. 

Lemma 4.5. Let ^ E A he such that Q;p(/i) = a. For ^ E A, put ap(/i) = 

). Then the action of La^+i on M stabilizes the suhmodule Mq, and 

it gives rise to the action of Tq^^ on M^'^' ® • • • ® ikf^'*' under the isomorphism 0^ 
m (44.1). 

Proof. Take A e A'^ such that ap(A) = ap(/i) and consider Tq{\ii). Let s G Std(A) 
such that = 5 for ,5 = (5™, . . . , ^l^?!) G roP(A, /x). Then s = {s^^\ . . . .s^^^) e 
Std(A)o and iP\s^^^) = S^^\ Take s as above, and take t = (tl^l, . . . , tl^l) e Std(A)o. 
We consider a basis G and mg[fc]^[fc] G "^^n^.r^- We show that 

(4.5.1) TrigiLaf^+i is written as a linear combination of the basis elements m.^) of 
where u = (uW,...,u[fl) is obtained from 5 by replacing s''^! by some v^^\ and D is 
obtained from t similarly. Here u'^^^ and O^'^] has the same shape. The coefficient 
of mut) in the expansion of m^t-^^ofc+i coincides with the coefficient of my^[k]^[k] in the 
expansion of ms[k]^k]T^^ under the bijection u <-> u'*^], <-> o'^^l 

(4.5.1) implies the lemma since u, D are standard tableau of shape v with ap(z/) = 
ap(//) and G Std(i/)o. We shall show (4.5.1). First we compute m^[k]^k]T^^ following 
the argument in the proof of [DJM, Proposition 3.20]. Recall that 

and put 

/3 = (|A(^'=+^)|,...,|A(^"=+^'=)|) = (/3i,...,/3,J, 
b = (6i, . . . , with hj = f3i. 



=1 



The letters contained in #1 consist of {uk + 1, . . . , + n^}. By the shift by — a^, 
we regard #1 as the tableau consisting of letters {1,...,^^}. Assume that the 
letter 1 is contained in t^k+f)_ Que can write d(#]) = yc, where y E &p and c is a 

distinguished coset representative in Then t'^^'^^y is a standard tableau, and 

c is a permutation which maps the letters {6^ + 1, . . . , to the letters contained 

in t*^Pfc+*) for i = 1, . . . ,rfc. Thus y fixes the letter bf + 1, and c can be expressed 
as c = (&/+1, bf){bf, 6/-i) • • • (2, l)c', where Z(c) = &/ + Z(c') and c' fixes the letter 
1. It follows that rf^ = tI^^tI^I^ ■ . .rflrflrjfl and rjf^rj'^^ = rj'^lrjfl. Recall that 

rrismk] = ^iSfc]^"^AW^i^lfc]^ with m;^[fc] = u^x^^m = X;^[fciiib- Here = Wb,i • • •^ib,rfc, 



-d(sW)"'Al'=l^rf(t[fc]) 

with 
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where Lf^ is the element in 'Hnk,rk corresponding to Lj e Ti, and Q^^^ = Qpf.+j- 
Then as in the computation in [DJM, Prop. 3. 20, Lemma 3.4], by noticing that T^^ 
commutes with L^h]+ii ^® have 

+ _ .,+rp[k]rp[k]rp[k] rp[k]rp[k]rp[k] 

"b-'j/ -'c -'O — "b-'y -'-bf -'-bf-l" ' -'-1 -'O -'c' 

_„,+ rW T^M/T^Wn-I frp[k]\-lrp[k] 

where b' = . . . , bf + 1, . . . , br^.). It follows that 



(4.5.2) m,,.,„.,ri^i = r[J];,)X,[., (gj=]< + u+)tI%, 

with 

/i= (T[^^l)-i...(Tfl)-iT[f]. 

Next we shall compute m^t-^a^+i for s, t G Std(A)o. Recall that = T^^^^^mxTd^i) 

with mA = xxu^. Since t G Std(A)o, we have d{i) = (i(tW) • • •(i(t[^]). (Note that the 
letters contained in #1 consist of {a^ + 1, . . . , + n^}, and we compute d{i^'^^) with 
respect to these letters.) We note that for t = (tW, . . . ,t[^^), the letters contained 
in tW, . . . , tt'^"^] consist of {1,2, . . . , a^}, and the letters contained in t'^^l consist 
of {ttk + 1, . . . ,ak + rik = Qfc+i}, the letters contained in t^''+^\ . . . , t^^] consist of 
{afc+i + 1, . . . , n}. It follows that 

g 2^ IT^stTakTak-l ■ ■ ■ TiTq = T^^^-^XxU^T^myi]^ ■ ■ ■ T^i(t_K) X 

x Ta^^Tai^-i ■ ■ ■ TlToTa(^^lk+l]) ■ ■ ■ ^^(tM). 

From the previous computation, we have d{i^''^) = yc with y G 6/3 and c G &f3\&n^. 
(Here we regard as the permutation group with respect to the letters {a^ + 
1, . . . , Cfc + Uk}- In particular, y fixes the letter + 6/ + 1). Hence 

d(tW) = -^y-^c = J-y-l-au+bf-l-au+bf-l ' ' ' -Lak+l-^C- 

Let X be the left hand side of (4.5.3). Since Tc' commutes with Ta^, . . . ,Ti, Tq, we 
have 

\ ' ' / . , rri rri rri rri rri rri rri rri rri 

X J-ak+bf ■ ■ ■ J- ak+l-l- ak-l- ak-l ' ' " l-^ O-t c'-i ^(#+1]) " ' •-'d(t[9l)- 

Recall that a = a(A) = (a^, . . . , a'^) is defined by a'- = Yl{=i ''^a given 

by M+ = Ma,iWa,2 " " " Ma,r, whcrc Ma,j = itiU^Li - Qj). Hcucc ap = (oi, . . . , Og) is 
given by = a^.+i for i = 1, . . . , 51. Put 



(4.5.5) U^p,i ^ Ue,,pi+i ■ ■ ■ u 
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for i = 1,. ..,g. Then we have = iiap,i • • • u^^^g and iiap,ifc, ■ ■ ■ , tiap,^ commutes 
with . . . , 3d(t[fc-i])) s-nd liap.fe+i, ■ ■ ■ , iiap,g commutes with Ty. It follows that 

= Map,l ■ • • Map,fc-l^d(t[il) ■ ■ ■ ^(i(t['=-il)'"ap,fe^2/Map,fc+l " " " Map,sT'a^+6/ " " " ^1^0- 

Since iiap,fe+i, ■ ■ ■ , UsLp,g commutes with Ta^+bf, ■ ■ ■ , 7i, Tq, we have 

Wap.fcTj/'Wap.fe+l • • • Ua,^,gTa^+bf ' ' ' TiTq = Uap,kTyTa^+bf ' ' ' Tl^oMap.fc+l " " " Map,g- 

Since T^i^+bf ■ • -TiTo = La^+bf+ih' with h' = ^"^^^ • • -Tf \ and commutes with 
La^j^bf+i-i we have by [DJM, Lemma 3.4], 



where u'^^ /^ is defined as in (4.5.5) by replacing a by 

a — [a^,. . . , ap^_^j:_^, a^^j^j -f- i, a^^j^jj^^, . . . , a^j. 
Summing up the above computation, we have 

^ = ^d(B)2^AMap,l ■ ■ ■ ■Uap,fc-lTrf(t[il) " " " T^(llk-^)X 

It follows that 
(4.5.6) 

ITT'stLak+l — XTi ■ ■ ■ Ta^. 

= Td{e)^XUg,p,i ■ ■ • Ue^p^k-lTaf^iW) • ■ ■ 7'd(t[fc-i]) X 

^ iQpk+f'^SLp,k + Kp,k)Tyh'%'Uap,k+l ■ ■ ■ Ua,p,gT^(^ilk+i]) ■ • •T'^(t[9]) 

where h" = T;^\,^, ■ ■ -T-l,. 

We now compare (4.5.2) and (4.5.6). The right hand side of (4.5.2) is written 
as Xi + X2, where Xi = Qf^Tj^*^^y^Xxlk]U^Tl''^h and X2 = Tjl'^*iky^x^[k]U^,Tl''^h. Since 
^x^u^ = n^\[k], Xi can be written, by Lemma 3.15 in [DJM], as a linear combi- 
nation of the elements m [^m, where tf^ are row-standard tableaux. Then they 
are converted to a linear combination of the basis elements myj,k]^[k] in Hm^rk by 
the procedure given in Proposition 3.18 in [loc. cit.], where ul'^l,^''^' are standard 
tableaux of shape /i'*^' for some r^-partitions /x'*^'. On the other hand, for X2, first we 
convert T^^*ij,^-^x xmu^, to a linear combination of the elements m^[k]^[k] where uf', t}f^ 

are row-standard tableau of shape u^''^ {u^'^^ is determined from Ub'), and then we 
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follow the argument in the case Xi. Note that in these computations, the parts 
and u^, remain unchanged. 

Next we consider (4.5.6). Since Td(s) = • • and Xx = x^m ■ --Xxig], 

one can write the formula (4.5.6) in the form 

where 

^ ^ ^d(s[i])^AW^ap,l7d(tW) • • •^(i{slfc-i])^A[fc-il^ap,fc-l7d(t['=-il) 
^' ^ ^d(sl*=+il)^A[fc+il'^ap,fe+l7d(t['=+il) ■ ■ ■^d(s[9l)^Al9l'"'ap,sT'^(t[s])- 

Put 

Yi = Qpk+fTd(sik])Xxii']UaLp,kTyh"Tc', 

so that TJisiLai^^i — Z{Yi + Y2)Z\ Let 7Y^^ be the subalgcbra of 7i„ generated by 
Tfl^+i, ■ ■ ■ , Tcn._|_„j,_i. Then Ty,Tc',h" belong to Ti.'^^, and under the identification 

Ti'j^ ~ ^nfe, Ty,Tc' coincide with Tj[^',T]f', and /i"Tc' coincides with h. We also note 
that Qp^+f = Q/'- Now by applying Lemma 3.15 and Proposition 3.18 in [loc.cit], 
Yi can be expressed as a linear combination of the terms TJ^^[j,j^a;^[fe]Map,feT^(o[fc]), 

where u^''\ tjl*^! are standard tableaux of shape n^'^^ for some r^-partitions /J-'^^ Since 
this computation proceeds without referring Wap,fe, the coefficients of these elements 

in the expansion of Yi are exactly the same as the coefficients of m^m^ik] in the 
expansion of Xi. For Y2, first we convert T*^^i^]s^x ^mu'^^^ j. to a linear combination of 

the terms T*^ m^^ui'^^'^'a.p fe-^d(t)W) rising Proposition 3.20. By comparing b' and a', 
we see that the coefficients in this expansion arc exactly the same as the cocflicicnts 
of m^[k]^[k] in the expansion of Tj^(^*^i^]-^Xx[k]U'^,. Thus again by applying Lemma 3.15 
and Proposition 3.18, we conclude that Y2 can be written as a linear combination of 
the terms T*^^i^^^.^x^[k]u'^^^j^Td(^„[k]), where u^'^\ tj''^' are standard tableaux of shape 
and that their coefficients in the expansion of Y2 is the same as the coefficients of 
m„[fe]t,[fc] in the expansion of X2. 

Now one sees easily that Z ■ T*^^if.-^-^x ^ik]Uap,kTd(t,ik]) ■ Z' = rriuo, where ^ is an 

r-partition obtained from A by replacing A^'^l by fi^''\ and u, are standard tableau 
of shape obtained from s, t by replacing s^'^\ t^^l by u^^l, t)[^l. A similar result holds 
also for Z ■ T'*^^[fc]^x^[fc]iiap,feT'(i(t)lfcl) • Z'. Summing up the above arguments, we see that 
(4.5.1) holds. Hence the lemma is proved. □ 



The following lemma is easily verified by using a similar (but simpler) argument 
as in the proof of the previous lemma. 
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Lemma 4.6. Let the notations be as in Lemma 4-. 5. Then, for i — 1, . . . ,nk — 1, 
the action of Ta^.+i on M'^ stabilizes Mq, and it gives rise to the action of Tf''^ on 
M'*'^' ® ■ ■ ■ ® M^^^^ under the identification 0^ in (4-4-V- 

4.7. We fix a = (ni, . . . ,ng) G Vn,i, and let Tia be as in 4.4. Assume 
that ap(/i) = a hr n e A. Then Ha acts naturally on M''"' O ■ • ■ O M'''"'. Let 
ap(/x) = (ai, . . . , Og) be as before, and let Ha be the subalgebra of H generated by 
Toj^.+i, . . . , Ta^+rfc-i, -^afc+i ioT k — 1, . . . , g. As a corollary to Lemma 4.5 and Lemma 
4.6, we have the following. 

CoroUciry 4.8. For each /j, E A such that Q;p(//) = a, Mq is Ha-stable. The action 
of Ha on Mq coincides with the action of Ha on (8) • • • (8) M'* " . 

4.9. Recall that S = ^^^^^^RomniM" , M^'). It follows from the description 
of the basis of S^, we see that 

(4.9.1) = H,. 

where H^,^ = 5p n Hom-H(M'', M^') is an i?-submodule of Hom-w(M'', M^') spanned 
by (fsT with S e %(X,ijl), T e %(X,u) such that ap(A) > ap(/i) if Q;p(//) 7^ ap(u). 
Then we have 

(4.9.2) S''^ H^,, 

ap{^l)=ap{l') 

where Hf^,^ = -n{H^u) is the i?-span of the elements (psr such that S e 7q^(A,/x), 
T e 7;3P(A, z/) for various A G /!+. 

Assume that «p(yu) = «p(z/). We claim that any if G H^j^ maps M'' into M^. 
In fact take (/? G H^y. Then by the property of (fsT-i there exists &H such that 
ipirriyh) = h^rriuh for any h E H. Recall that is a linear combination of mst with 
5" G %{X,i/),t G Std(A) such that ap(A) > 3Lp{u). Suppose that mst is written as 
mst = TYiyh for some h E H. Then by the property of cellular basis, (p{mst) — h^mst 
is a linear combination of m^/f, where s',t' G Std(A') with A' > A. Then we have 
ap(A') > ap(A) > ap(i/). Since ap(i/) = ap(/i.), we have ap(A') > ap(/i), and so 

9? (mst) £ Thus the claim holds. 

By the claim, (p induces a linear map (p G Hom-^(M'^, M^) under the condition 
that CKp{ii) = aplu). We note that <^ = if 99 G S^. In fact, since ap(/i) = ap(z/), we 
may consider the case where ip = ipsT for S G %{X,fi),T G To{X,iy) with ap(A) 7^ 
ap(yu). Since A > we have ap(A) > ap(yu). It follows that psrinT-u) = fTisT G M^^, 
and the image of p is contained in M^. Hence (/? = as asserted. 

The above discussion allows us to define a linear map 6 : H^i, Hom>^(M'', M^) 
hj ip ^ ip, which factors through the map 9 : H^j^^ — > Hom-^(M^, M'^). We show 
the following lemma. 
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Lemma 4.10. (i) For Ijl E A, let (j)^:MQ^ Af*''' M^'''' he the isomor- 

phism given in (4-4-1)- Then we have 



(ii) Assume that ap{ii) — Q;p(i/) = a. Then for any (p e H^^,, (p — 9{(f) maps 
Mq to Mq. In particular, (f e Hom^^(MQ, Mq). 

Proof. First we show (i). Put a = a(//) and ap = ap(//). Then = X/^u'^, and 
= x^[i] ■ ■ -x^ig], — tiap,i • • ■'^ap,g, where Uap,i is defined as in (4.5.5). One can 
write = XiX2---Xg with x^ ~ a^^W^ap,?;- On the other hand, m^ik] = x^ik]U^, 

where b = a(fi^''^) is defined with respect to jj}''^ E Vn,.,rf,{^^'^^)- Then by Proposi- 
tion 3.18 in [DJM], m^[k\ is written as a hnear combination of the basis elements 
m„[fe]j,[fe] of Hn^^rki where u'*'],!)'*'] are standard tableau of shape A'^'l. By the same 
procedure, Xk is written as a linear combination of Xy^[k]^[k] — T2^^y^]^x^[k]Ug,^^^T(i[n'^'''i)■l 
and the corresponding coefficient coincides each other. Note that in the latter case 

(/(ul'^l), etc. are referred with respect to the letters {a^ + 1, . . . , + n^} as 
in the proof of Lemma 4.5. Wc sec that ■ ■ ■x^j,a\„[a\ gives rise to a basis ele- 

ment of H, where u = . . . , d'^'I) and d = (o^^^, . . . , D^'']) are in Std(A)o with 
A = (A'^I, . . . , A'^]). The assertion (i) follows from this. 

Next we show (n). Now we have rrii, e Mq. Since M^^^^ ®- ■ -^M^'*' is generated 
by m^[i] ® ■ ■ • ® m^[g] as an Ha-module, Mq is generated by m^, as an ffa-module. 
We take i^st E H ^y. Then any element in Mq is written as m^h with h E Tia, and 
ipsTiTfiyh) = (psT{'rni,)h = msrh. Since fnsT E Mq, we see that <^st(Mq) C Mq. 
This proves (ii), and the lemma follows. □ 

4.11. We keep the previous setting. By Lemma 4.10, one can define an i?-linear 
map O : H^i, — > Hom^ {Mq, Mq) induced from 6. On the other hand, in view of 
the isomorphisms 0^, (pi, together with Corollary 4.8, we have a natural isomorphism 
of i?-modules 

~ Hom„„^,,^(M^'^ M'^'^') ® • • • ® Hom„„^,,^(M^'^ M'^''''). 

We have the following lemma. 

Lemma 4.12. The map gives an isomorphism 

:^^,~Hom^jMQM?^) 

of R-modules. Let ifsT be a basis element of Hf^y, where S = (^W, . . . , ^'^l) E 
T^{X,ld) and T = (T^, . . . , Tl^'l) E T^^iX^i^) for some A E A+. Then under the 
identification in (4- 11-1), O maps (psr to (fisWrW <8) • • • <8) (PsiaWs]- 

Proof. It is enough to show the second assertion since (psmrw <S> ■ • • <S> (Psi3]Tl9] gives 
a basis of Hom^^(MQ, Mq) under the identification in (4.11.1). Take (psr E H^j,. 
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Then (pgr is defined by (psT^u) — ^st- By Lemma 4.10 (i), rrii, is mapped to 
® • • • ® m^ig] via (f)^. msT is also mapped to ^^[^^[i] ® • ■ ■ ® mg[g]rp[g] via 0^. 
Hence via the isomorphism (4.11.1), ipsT corresponds to the Ti^-hnear map sending 
m^[i] ® ■ • ■ ® m^[a\ to rrismTW ® ■ ■ ■ ® ^siaWa^i which coincides with (psiW^^ ® ■ ■ ■ ® 
V^sMtM- The lemma is proved. □ 



Remark 4.13. There exists an i?-linear map ■0 '■ ^(-f^/ii/) Hom^^(Mo,Mo) 
such that ^0 o ^ = by Lemma 4.10. Hence 9 is injectivc by Lemma 4.12. However 
6 is not necessarily surjective. In Section 7, we describe Im in terms of a modified 
Ariki-Koike algebra. 

4.14. Let An^g be the set of a = (rii, . . . , Ug) e Z>q such that rii + . . .Ug — n. 
For a e An^g, put 

Then = End-^(M") is a subalgebra of S^, and we have = 0^^if^,^, where 
the sum is taken over all /i, G /l such that ap(/i) = Q;p(z^) = «• Put — 7r{S^). 
Then is a subalgebra of S such that = 0^ -f^/xi/- Hence we have 

(4.14.1) 5^ = 5^. 

On the other hand, Lemma 4.12 implies that 

(4.14.2) Sl^End^jM",). 

We define an -module by Mt*^] = 0;.[feie^„, ■ Define a cyclotomic 

g-Schur algebra <S(yl„j.) associated to V-nkn ^i-^nk) — ^'^'^'Hnk,r^. M^^^. Then we 
see that 

(4.14.3) End«„( M'''%-..®M'^'^')~5(.1„J«)---«)5(.1„J. 

ap{n)=a 

The following structure theorem follows from (4.14.1) ~ (4.14.3) together with 
(4.11.1). Note that in the special case where p = (F), this result was proved in 
[SawS, Theorem 5.5 (i)] under the assumption that Qi — Qj are units in R for any 
i 7^ j, and that A — Vn,r{^) with mj > n for i = 1, r. In our case, we don't 
need any assumption for parameters Qi nor m. 
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Theorem 4.15. Assume that A — Vn,r{''^)- Then there exists an isomorphism of 
R- algebras 

S(A^,)0---®S(A^^), 



(ni,...,ng) 
niH \-ng=n 



where (psr is mapped to fg^rW <S> ■ ■ ■ <S> (fisiaWa] ■ 



For e yl+ , let 14^ be the Weyl module, and L'^'*' be the irreducible 



module with respect to S{An^). As a corollary to the previous theorem, we have 

CoroUciry 4.16. Assume that R is a field and A is as above. Let X, /i & A'^ . Then 
under the isomorphism in Theorem 4-^5, we have the following. 

(i) Zp~iy^™®---®iy^'''. 




(iii) [Z' : L']-. = I nLJW^' ■■ LnsiA^,) ^/«p(A) = aM, 
^ ^ ^ ' otherwise. 

Combining this with Theorem 3.13, we have the following product formula for 
the decomposition numbers of S{A), which is a generalization of [Sa, Corollary 5.10]. 

Theorem 4.17. Assume that R is a field and that A = ^^^^(m). For A, e yl+ 
such that ci;p(A) = Oip{ii), we have 



k=l 

5. Modified Ariki-Koike algebra of type p 



5.1. Throughout this section we assume the following property for m = 
(mi, . . .,mr). 

(5.1.1) nii > n for i = 1, ... ,r 

We keep the assumption that A = 'P„ ,,(m)- Let Q = he a subset of A 
consisting of u; = (u^P^) = (<^'^', . . . ,a;[^J) satisfying the properties 

(i) a.?G{0,l}, 

(ii) c^P^ = 1 for 1 < i < n, 1 < j < r, 

(iii) a;p'' = unless j = Pi + ri, . . . ,Pg + Vg. Hence a;^'^] = (— , . . . , —,0;*^^*"'"''*=^) for 

l,...,g. 

Note that Q coincides with fl in [SawS, 7.1] in the case where p = (l**) (i.e., the 
case g — r). While in the case where p = (r) (i.e., the case g = \), = {a;}, where 
u is an r-partition uj = (— , (1")) which coincides with u in [M, §4]. 

Let / = {!,..., n}. For u; G fi, wc denote by Ik the set of i such that cj^^^*'*''^''^ = 1 
for k = 1, . . . ,g. Then / = Y[k=i gives a partition of / into g parts, and thanks 
to (5.1.1), the set Q is in bijection with the set of partitions of / into g parts. For 
t = (tl^I, . . . , t^) e Std(A), we denote by Ik the letters contained in the standard 
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tableau t''^'. Then I — \JI^ determines cv — cvi E ^l. We associate to t a semi- 
standard tableau T of shape A as follows; for each k {1 < k < g), the first terms of 
the entries of T'-^'^^*-' consist of the entries of t'-^*^'^*-', and the second term of them has 
the common value Pk + for i = 1, . . . , r^. Then T e ^^(A, u), and any element 
of 7^^ (A, a;) is obtained from t e Std(A) such that cu — Uthy the above procedure. 
The correspondence 1 1— > T gives a bijective correspondence 

(5.1.2) Std(A)^ \J%^{X,u;). 

We denote by Std(A)^ the subset of Std(A) corresponding to 7^^(A, a;) under the 
bijection (5.1.2), i.e., Std(A)a, = {t G Std(A) | cUi = lu}. 

Assume that uj & ft corresponds to the partition / = llfe-^fe' where ap(a;) ~ 
(oi, . . . , Og). We write Ik as Ik — {iki < ik2 < ■ ■ ■ < ^kuk)- We define d{uj) e as 

flfe + 1 Ofc + 2 ... ttk + Uk 

ikl 'ik2 ■ ■ ■ ikuk ■ ■ ■/ 

Suppose that T e uj) corresponds to t G Std(A) via (5.1.2). Let ti e Std(A) be 

such that t = tid{uj). Then the letters contained in tf^ consist of {flfe + l, . . . , ak+nk}, 
and ti is the unique element in Std(A) such that a;(ti) = T. In particular, assume 
that S e T(^{X,i^),T e T^{X,lj), for e yl,a; e fl, and that t G Std(A) corresponds 
to T via (5.1.2). Then we have 

(5.1.3) msTTd{uj) = msi- 

5.2. For each /x G /I, let Lp^ be the identity map on M'^. By 2.4, ip^ G ^/(/i; and 
we put (^^ = 7r(v9^) G H If we put (p^ = Y.c.en Vuj, <fQ is an idempotcnt in S , 
and we define a subalgebra H.^ of by Ti.^ = ipo^S^ (p^. Wc call the modified 
Ariki- Koike algebra of type p. In the case where p = (F), can be identified 
with the modified Ariki-Koike algebra given in [SawS] (see 7.1 in [loc. cit.]). One 
can write — 0^t^/gn Hi^w'- In particular, has an i?-free basis 

(5.2.1) fiP = {ipsT I S G %^{X,uj),Te %P{X,uj') for uj,uj' eQ,Xe A+}. 

Note that each ipgj, G determines uniquely the pair s, t of standard tableau of 
shape A by (5.1.2). We denote 'ipgj^ by m^^ if -S", T correspond to 5, t G Std(A). Thus 
we see that 

(5.2.2) BP = {mPj I 5, t G Std(A) for some A G vl+}. 

Note that has a structure of the cellular algebra with the cellular basis . Since 
the involution * on stabilizes the set B^, we see that 

(5.2.3) Ti^ is a cellular algebra with the cellular basis B^. 
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More generally, we consider for each fj, e A an i?-submodule (pi^S^(pci of ^S''. 
Then (p^S^CpQ has an it!-basis 

{TpsT I S e T^{\ i^),Te T^{\ uj) for e 1], A e A+}. 

Let = 0a;ef^^' and put mn = Y^^^^m^Td^^) e M^- Then for S e 
7^P(A, //) , T e T^{X, u) , we have 

'^sxi'rnn) = sT^ojTd{^)) = rnsTTd{oj) = msi 

by (5.1.3), where t G Std(A) corresponds to T via (5.1.2). Since {fnsi \ S e 
%^{\, /u), t G Std(A)} gives a basis of M^, we see that the map (p ^ (p{fnn) gives an 
isomorphism of /^-modules 

(5.2.4) ^nS^(pvL ^ M", ^ rrist. 

Since ^puS^ifQ = acts naturally on i^^S^i^^ from the right, one can define a right 
action of on through (5.2.4). Let /x, G vl. By 4.9, we know that (p G H 
gives a map 6* (99) from M to M . It is clear by definition, that 9{ip) commutes with 
the action of Ti. . Hence we have an it!-hnear map 9' : H^^ Hom^p(M'',M''), 
which induces an i?-algebra homomorphism 9' : ^ End^p(M), where M — 

The following result is a generalization of Proposition 7.5 in [SawS]. 

Proposition 5.3. For each a — {rii, . . . , Ug) G ^n,g, put — n\/ni\ ■ ■ - rigl. Then 
we have an isomorphism of R- algebras 



Proof. By (4.14.1), one can write 

Here ipQ^^ = JZuj 'f'^ an idempotent of S^, where the sum is taken over all G 
such that ap{u}) = a. We define a subalgebra of by = <fa,,aS^<fn,a- Put 
Mo '"^ = n M^. Then by (4.14.2) we have 

(5.3.1) ^ End^ jMo •") = Hom^jM^, M^'). 

ap(u))=ap(u)')=a 

Now the T^a-module is isomorphic to the T^Q-module M'^''' (8) • • • (g) M'^'*' by 
Corollary 4.8. In our case M'^"'' = nnk,rk (see 5.1). Hence for any a;, a;' G Q such 
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that ap{u!) — ap{u!') — a, we have 

(5.3.2) Hom^^ (M^, M^') ~ Endn^ {Hn^r, Hn^r,) 

The proposition follows from this by noticing that ^{ui G VL \ a^iu}) = a] = n^. □ 

5.4. By d, acts on M from the left, and which commutes with the right 
action of Ti. Hence we have a homomorphism p : H End^p M (see Notation). 
Since Xl^eyi'^M — ^^JT' have S^(fiQ ~ M by (5.2.4). This implies a natural 
isomorphism of i?-algebras 

(5.4.1) End|p M ~ End|p(5''(^n) ^ <fnS''<fn = n"", 

where the second isomorphism is given by / i-^ fiV'n) for / G Fjiid^p {S^ i^q) . It 
follows that we have a homomorphism pq : H ^ of i?-algebras thorough H — > 
End^p M. The homomorphism po is explicitly given as follows; we have — 

(finS^ipn ~ via cp t-^ (p{mfi). Then for each h E H, there exists a unique 

(fh £ Ti-^ such that (ph{^n) = ^f^/i G M . The map gives po- 

Now Ti^-module M is regarded as an 7Y- module via po, which coincides with the 
original 7i-module M. It follows that we have an injection 

Hom^p(M^M'') ^ Hom«(M'',M^), 

and 9 factors through 9' via this injection. Since 9 is injective by Remark 4.13, we 

see that 

(5.4.2) The map 9' : H^^ B.om.^^ {M\'M^) is injective. 

Since M'^ is generated by Wi^ as an Ti-module, it is generated by as an T-C- 
module, i.e., we have M = m^H, . The following lemma is also clear from the fact 
that n c^M via (p 1-^ (p{mn) as noticed above. 

Lemma 5.5. We have — fnaH^. The map h i— > rriQh gives an isomorphism of 
R-modules Ti.^ — > M , namely M is the regular representation ofTi.^. 

6. Presentation for 

6.1 We shall define several elements in 7Y^, and show that they generate Ti^ . 
For each a; G let / = JJ/^ be the corresponding partition of /. Define a map 
bu, : I ^ Z>o by b^{i) = k ii i e h- We put = Qp^+r^ for A; = 1, . . . , g^. Under 
this notation, we define elements G S^, for i = 1, . . . , n, by 
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Clearly, (pnCifn — Cij so ^i, . . . are elements in H^. They commute each 
other. Moreover, they satisfy the relation 

(6.1.2) fe-Q?)fe-Q^)---fe-g,P) = o 

for J = 1, . . . , n. 

Under the isomorphism in (5.2.4), the action of on the basis element Wisi in 
M'^ is given as follows. 

(6.1.3) mstCi = Qt^i)rnsi if t e Std(A)^, 

where Std(A)^, is as in 5.1. Note that in this case bi^{i) coincides with k such that 
the letter i is contained in t^^l By [DJM, Proposition 3.18], is written, for G yl, 
as a linear combination of m^t such that the letters contained in the k component 
of t is the same as that of i^. It follows from this, by making use of (6.1.3), that 

(6.1.4) rUf^^i = Ql^^mi,, 

where b{i) — k ii ak + 1 < i < ak + rik under the notation ap(//) = (ai, . . . , a^,) and 
aip(yu) = [ni, . . ..Tig). 

Let po : Ti, ^ be the homomorphism defined in 5.4. We note that 

(6.1.5) The restriction of po on 7i„ is injective. 

In fact, it is enough to show that po{T^) {w G ©„) are linearly independent as 
operators on M. Now M = ©^^^^ ^ M , and preserves the subspaces M . We 

choose a such that a = (n, 0, . . . , 0). Then Ti.„ is contained in = Ti, and po{Tu,) 
induces an operator on Mg. By our choice of a, Corollary 4.8 implies that Mq can 
be identified with M', the 7Y„^j.^-module corresponding to M for H, and the action 
of Tia on Mq coincides with the action of 'Hn,ri on M'. In particular, the action of 
Po{Tyj) on Mq corresponds to the action of on M' (we regard G Hn C Hn^n)- 
Since T^, {w G &n) are linearly independent as operators on M', we see that poiTyj) 
are linearly independent as asserted. 

By (6.1.5), we regard 7i„ as a subalgebra of Ti^ , and define the elements 
Ti, . . . , Tn-i G Ji^ by the generators of Hn- 

6.2. We shall determine the commutation relations between Tj and In view 

of Lemma 5.5, we compare the elements m^Tj^k and mQ^i^Tj. First we compute the 
element mnTj for Tj G Hn- Since friQTj = J2uen'^'^'^d{Lu)Tj , we compute m^Td(^)Tj. 
Let / = ]J /fc be the partition corresponding to ui. Assume that j G Ik and j + 1 G Ik'- 
Then we see that 



Td{uj)Tj 



Td{u,)sj iik< k', 



Td(uj)sj + {q-q ^)Td{oj) iik> k', 

where Sj is the element in corresponding to Tj. Note that — — mx, where 
A is the multi-partition obtained from u by rearranging the rows. Put to; = t^d{u}) G 
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Std(A). Put = iojSj. Ilk ^ k' , then t)^^ e Std(A) and it is expressed as i^i, where 
a;' e is obtained from uj by exchanging j and j + 1 in Ik and J^/. One can write 
m^Td(uj) = ms^t^ and m^Td(u,)sj = "^s,.o,,, where = u;(t^) e 7;3P(A,u;). Hence we 
have 

{rns^t,^ if k = k', 

rns^t^, if < A;', 

+ {q- (l~^)rns^i^ if A; > A;'. 

Note that in the first case, by [DJM, Proposition 3.18], fns^vuj is expressed as a hnear 
combination of basis elements msiv such that uj^, — OJ- It follows from (6.2.1) that 

6wO')=6«(j+l) b„0')>bwO'+l) 

where uj' E Vl is obtained from uj by Sj as above, and K>^o = t^jSj. Thus by (6.1.3) 
and (6.1.4), we have 

wen 

buj(J)=bu,{j+l) 6a,(j)>ba;0-+l) 

On the other hand, we have 

bu:{j)^bUi+l) 

6a.(j)=6u.(j+l) &u.{j)>6a.(j+l) 

It follows that 

(6.2.2) rna{T,ik-m^ X (^Lw " 

Note that if A; 7^ j, j + 1, then h^^{k) = h^i{k) for any uj. It follows that 



(6.2.3) T^ik^ikTjiik^j.j + l. 
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6.3. Let ^4 be a square matrix of degree g whose ij-entry is given by {Q^y~^ for 
1 < ^, J < fi*- Thus A is the Vandermondc matrix, and A — det A — Y[i>j{Qf ~ Q^)- 
We pose the foUowing assumption so that e R. 

(6.3.1) Qf — are units in R for any i ^ j. 

We express A~^ = A~^B with B — (hij) for hij e R. We define a polynomial 
Fi{X) e R[X], iorl<i<g, by 



We denote by Q}^'^ the set of G f2 such that &aj(i) — c for 1 < j < n, 1 < c < g^. 
As in 6.2, one can write fna = X^^gn^5a;tj^, and so 

(6.3.2) mne) = E(^Lo-))'^^^^ = E ^^^t. 

ojen c=i ^gj^[c] 

for 6 = 0, . . . , — 1. We regard (6.3.2) as a system of linear equations with unknown 
variables X^^g^^w ffis^t^- Since A^^ e i?, we see that 

9 

cental ^=1 
Repeating a similar procedure, we have 

(6.3.3) Yl ^s^^ = ■ ^"'^c,(0)^c.(0+i). 

By applying Tj on both side of (6.3.3), and by using (6.2.1), we have 
(6.3.4) 

'mn ■ A-^F,,{QF,,{i,+^)Tj if ci < C2, 



E 



r.,, j^rno • /l-2F,,(e,)F,,(e,+i)(T,- -{q- q-')) if Ci > c^. 



We show the following lemma, which is analogous to [Sh, Lemma 3.4] . 
Lemma 6.4. For j — 1, . . . ,n — 1, we have 

T,0+i = OT, + A-' Yl (Ql - ^cj(9 - q-')F,AQFcA^Hi), 



Cl>C2 
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Cl>C2 

Proof. The third formula is aheady shown in (6.2.3). So assume that k = j or j + 1. 
Substituting (6.3.4) into (6.2.2), and by using Lemma 5.5, we have 

Cl<C2 



(6.4.1) 



Cl>C2 



where £ = 1 (resp. £ = —1) if k = j (resp. k = j + 1). 
We note that the following formula holds. 

(6.4.2) e.+i - = E (Ql - QI){fc,{QF,.{Chi) - FcACj)Fc,iCj+i)] 

Cl<C2 ^ 

In fact it is enough to compare the values at fris^t^ € M^. This is essentially the 
same as the case where p = (I''), and in that case the formula is proved in [Sh, 
(3.4.2)]. 

Now (6.4.1) can be written, by making use of (6.4.2), as 

E(^C2 -Q?J(?-O^C.(e,)i^C2fe + l). 

ci>c2 

The first and the second equalities in the lemma follow from this. □ 



6.5. For each a e A^^g and for k — 1, . . . , g, we define T^^q G Ti.^ as follows. 

We regard tS'^ e Hn^^vk 

as an element in Hm^n ® • • • (8) 'Hng,rg-, ^-nd we denote by 
T^fl e Ti^ the diagonal matrix consisting of Tq*^^ in the diagonal entries under the 
isomorphism in Proposition 5.3. In particular, one can write 

where Vf^ = {lo ap(cj) = a}. Thus we see that t'^\ acts on M*^'" = n 

as -f/afe+i; and annihilates M ' for any a' ^ a. 

For a given a; e ^2, put q = 6a,(i) for i = 1, . . . , n. We define F^(^) e by 



(6.5.1) F,(0 = F,,(ei)F,,(6) • • •F.jen). 
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We have the following lemma. 

Lemma 6.6. Under the assumption of (6.3.1), the elements 

ii{l<i< n), Tj {l<j<n- 1), tJ' {a e 1 < k < g) 
generate . 

Proof. Let JC be the subalgebra of Ti.^ generated by elements in the lemma. In view 
of Lemma 5.5, it is enough to show that M — ffifiJC. First we show that 

(6.6.1) e male 

for any a; e Jl. In fact, we have HILi ^f'' ~ {^} '^th q = fea;(«)- Hence by repeating 
the argument used to prove (6.3.3), we see that 

(6.6.2) fn^Tai^) = rns^u. = rnn ■ A'^'F^i^). 

This implies that mJTd^uj) £ frinlC. Since T^^ui) is an invertible element in /C, we 
obtain (6.6.1). 

Now take fn^ and put a = ap{uj). We know that G Mq, and that Mq = 
mi^oTLa (see the proof of Lemma 4.10). Note that Ha is generated by i^ofe+i and 
Ha n 'Hm and the action of La^+i on Mq coincides with that of T^^q. It follows 
that — m^Ha C mn/C. Here has the basis {m^t} with 5" e T^{\,uj) 
and t G Std(A)o. While the basis of M is given by {m^t'} for S G TP(A,a;) and 
t' G Std(A). If we take t = t'*' G Std(A)o, any t' is obtained as t' = t(i(t'), and we 
have rrisi' = fnsiTd{i')- It follows that M C M^Tin C moAT for any a; G il, and so 

= Iridic. The lemma is proved. □ 



6.7. Recall that — 0^^^^ Ha- For each a G An,g, we denote by Tq, 



the projection of Tj onto 7i^. Also we denote by ^a,i the projection of onto 7i^. 
Hence wc have Tj = Tq,j and .^j = It follows from the construction that 

under the isomorphism Mq ~ M"^'^' ® • • • ® iif^'^l, the action of Ta^a^+i corresponds 
to the action of Tf on iW^'*'. 

We note the following relation. 

(6.7.1) UiTi'l = ijk.,^ 

for any i and any A;. In fact by (5.3.1), it is enough to show the formula regarding 
^a,i and T^^i as operators on M^'"'. Under the isomorphism ~ M'^''^ (g) . . ■0M'^^'^ 
for a; G such that ap{uj) = a, ^a,ah+i corresponds to the operator ^f^^ on M'^^^\ 
where ^j'*' is an element of 'Huhn defined similar to for Ti.^ (i.e., the special case 
where n — nh,r — rh, g — l,p = (fh))- But it is easy to see that in this case ^j'*' is 
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a scalar multiplication on M'^'''' by Q^. Hence ^a,i is a scalars operator on M^, and 
so commutes with T^l- (6.7.1) follows from this. 
For each a; e Q and a e ^n,g: let 

Fuii^a) = Fcj^{^a,l)Fc2i^a,2) ' ' ' -^Cn(Ca,n) 

with Cj = b^{i). We claim that 

(6.7.2) -PLj(^a) — unless ap{Lj) = a. 

In fact, we have maF^{^a) £ M by (6.6.2), where a' — ap{uj). But since 

Fu^iCa) e = <fn,aSa^ci,a, wc havc mn-^a;(Ca) ^ M". It foUows that mnF^{^a) = 
unless ap{uj) = a, and the claim follows. 

The following theorem gives a presentation of 7i . 

Theorem 6.8. Assume that (6.3.1) holds. Recall that = Qpi^+r^- Then for each 
a e ^n,g, the algebra is generated by 

Ui (1 < ^ < n), T;,,- (1 < j < n - 1), tJJ {l<k<g) 

with relations 

(Ai) (ra,i-g)(7;,i + ?-^) = o (l<i<n-l), 

(A2) T'a,j21a;,i+lT'Q,^i = T^aji+l^laiji^laiji+l (1 < ? < 'T' — 2), 

(A3) T^,iT^j^T^jT^,i il<i,j <n-l,\i-j\>2), 
(A4) (tJJ - Q,,+0 • • • (tJI - gp,+.J = (l</.<^), 

(A5) oTa^afe+lT^^iTa^a^+l = Ta^ak+lTlfiTa^ak+lTlfl < k < g), 

(A7) T^aflFa,j = TajT^afl (j 7^ «fc + 1) ! 

(A8) {U^-Ql)iU^-Q2)■■■iU^-Q''g)^0 (l<^<r^), 

(A9) ^a.iCaj = ^a,j^a,i (1 < ij < fl), 

(AlO) F^(ea) = ifap{u)^a, 

(All) = CajT;,,- + E (^c. - QDiQ - q-')F,AL,j)FcAL,j+i), 

C1<C2 

(A12) T^j^^j = Caj+i?;,,- - 5^ (gP - QP )(g - q-')F,,{^^j)F,,{Uj+i), 

C1<C2 

(A13) Ta,j^a,k = ia,kTa,j {k 7^ j, j + 1), 

(A14) 7tk^ = ei^l (l<^<r^,l<^<^). 

Proof. One sees that these elements generate 7^^ by Lemma 6.6. We show that 
these generators satisfy the relations (Al) ~ (A14). (Al) ~ (A3) follows from the 
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relations for 7Y„. (A8) follows from (6.1.2). (A9) is also clear from 6.1. (AlO) follows 
from (6.7.2). (All) ~ (A13) follows from Lemma 6.4. (A14) is given in (6.7.1). We 
show the remaining relations (A4) ~ (A7). We may prove the formulas by regarding 
Tj^l and Taj as operators on Mq for u; G f2 such that ap{uj) = a by (5.3.1). Since 
Tj^l corresponds to the action of Tq'^' G 'Hn^,r^ on M'^'*'', and Ta,a^+i corresponds to 
the action of t]'^^ (A4), (A5) and (A7) follows from the relations for 'Hnk,rk- While 
(A6) follows from the property that t]^\ is the restriction of La^+i on M Thus 
those generators satisfy the relations (Al) ~ (A14). 

Next we show that (Al) ~ (A14) gives a fundamental relation for Ti,^. Let Ha 
be the algebra with generators ^a,i-,Taj and T^j), and relations as in the theorem. 
(We denote by X the generator in Ha corresponding to the generator X in H^.) 
Let Ha be the subalgebra of Ha generated by T^j ior k — 1, . . . , g,i — 0, . . . ,nk — l. 
Recall that T^j — Ta,ak+i for 1 < i < — 1. Then by the relations in the theorem, 
H^a is isomorphic to the quotient of the algebra Hn^^n ® ■ ■ ■ ® Hug.rg- Also we note 
that the subalgebra Hn of Ha generated by T„j- is the quotient of 7Y„. We denote 
by Ta^w the image of G Hn to Hn for w G 6„. Let be the Young subgroup 
of &n corresponding to the composition a of n. Let Sq, be the subalgebra of Ha 
generated by ^q,^i, . . . , $,a,n- For each u G fi", we define ^^^(^q) G in a similar way 
as Fa)(Ca)) but replacing ^„ j by ^a,i- We show that 

(6.8.1) Any element of Ha can be written as a linear combination of elements in 

C = {F^{ia)nlfa,y, I O; G G &a\&n}- 

In fact, let H\ be the subalgebra of Ha generated by Ta,j and T^j^. Then by the 
commuting relations in the theorem. Ha can be written as 

■p — • • • 7?^ 

where Cj arc integers such that < Cj < (? — 1. It is easy to see that any element 
in 'E.a can be written as a linear combination of F^^{^a) for various u ^ Q. Thus 
by (AlO), any element in Ha is written as a linear combination of i^a)(Ca)^a with 
a; G We now concentrate on Hi Define if^ G H^ by 

/^W 'T' 'V 'V 'f'Wi T" T' 'T' 

a,afc+i— 1 a,afc+2-'- a,afc+l-'- a,0 Q;,afc+1 Q;,afc+2 a,afc+i-l 

for i = 1, . . . , Uk- Then L\ commutes with Taj for j ^ ak -\- i — l,ak -\- i and we 
have 

ff, f[k]^ _ j^fli if^7^r^fc, 
\L[ if z = rijfc. 
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by (A6). (Note that in the latter case, Toi^ak+Uk ^ follows that any element 

in can be written as a linear combination of the elements in LTin, where L is the 
subalgebra of generated by Lf^ . Let 7in,a be the subalgebra of Tin corresponding 
to the Young subgroup &a of ©„. and let ?^„.„ be the corresponding subalgebra 
of Tin. Since Hn is the quotient of Tin, it is written as a sum of 'Hn,aTa,w with 
w G &a\&n- Since Hn,a C H^, onc sees that = ^we6a\6n ^a^w Hence (6.8.1) 
holds. 

Since Ti.^ satisfies the same relations, we have a surjective homomorphism ijj : 
Ha — Ti-^. In order to show that ijj is injective, it is enough to see that the set of 
elements in (6.8.1) gives an i?-free basis of TCa and that the image under ip of this 
basis gives a basis of Ti.^. We denote by C the image of C under ip. By a similar 
argument as above, we see that C spans as an i?-module. We show that C 
gives an R-bee basis of H^. For this, it is enough to see that the elements in C are 
linearly independent over R, or equivalently, they are linearly independent over K, 
where K is the quotient field of R. It is easy to see that the cardinality of the set 
C is equal to 

X dimHa X Ua = nl, X dimHa = dimH^ 

by Proposition 5.3. Hence the elements of C are linearly independent, and C gives an 
i?-free basis of 7i^. This shows that the elements in C are also linearly independent, 
and so C is an i?-free basis of TYq. Therefore is an isomorphism, and the theorem 
is proved. □ 

Remark 6.9. In the case where p = (r), = Ti.^ coincides with TC, and the 
fundamental relation (Al) ~ (^14) is reduced to the fundamental relation for Ti. 
On the other hand, in the case where p = (l*"), Tia is a subalgebra of Tin for each 
a e ^n,r- Then T^J^ turns out to be scalar operators, and the relations (A4) ~ 
(A7), (A14) can be ignored. The remaining relations give the fundamental relation 
for Tl^^. Note that a similar argument as in the proof shows that the relations (Al) 
~ (A3), (A8), (A9), (All) ~ (A13) gives a fundamental relation for Ti , which is 
nothing but the fundamental relation for the modified Ariki-Koike algebra given in 
[SawS]. 

7. Schur-Weyl duality 

7.1. It is known by [M, §5] that the Schur-Weyl duality i.e., the double 
centralizer property holds between H and S — End-^M. A similar duahty also 
holds by [SawS, Theorem 8.2] for the modified Ariki-Koike algebra H on the action 
of the tensor space y®". In our setting, H coincides with Ti^ with p = (V), and 
y<»ri M as Ti^'-modules. In what follows we shall give a generalization of this 
property for the arbitrary p, i.e., we show the Schur-Weyl duality between and 
Ti^ acting on M. Although the proof is carried out for the action on M, we formulate 
the theorem for Ti'^-module Mp = which is isomorphic to M, where is a 
right ideal of H^, so that it fits to the situation above. 
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7.2. In order to give an expression of as a right ideal of , we describe 
the cellular basis of Ti.^ more explicitly. For each a — (rii, . . . ,ng) e A^^g we 
define hy 



nj 1 



(7.2.1) F« = Zl-"F,,(ei)---F,„(e 
where 

(ci, . . . , c„) = (i_;_^_;3'2i_;;j3' ■ ■ • 

ni -times n2-times n^-times 

If we define a; = a;^ as the unique element in fl°' such that d{Lj) = 1, we see that 
F„ = Z\-"F^(0 in the notation of (6.5.1). It follows from (6.6.2) that 

(7.2.2) fnaFa = mo;. 

Take X e A+ such that ap{\) = a. Then e Std(A)^. Let = u{t^) e T^{\u). 
Then fng^i^ — rn^\^\ — rn\ e M^. Since = rn^H^ , there exists £ '^'^ such 
that Ma = ffi^yx. One can choose y\ in the following way. Let be the subalgebra 
of consisting of scalar matrices with entries in 7Y„ = '^m.n <8) • • • <8) 'Hng,rg under 



the isomorphism in Proposition 5.3. Thus Ti^ ~ Tia- We have fn^^,rnx E Mq, 
and under the isomorphism Mq ~ ikf^'^' ® ■ ■ ■ ® M'^'''' = Ti^, corresponds to 
1 (g) • • • ® 1, and mx corresponds to m^^ii] • • -i^mxig] in Ti^. Then we choose y\ e Ti!^ 
as the scalar matrix consisting of rrixii] <8) • • • (8) 77T.A[g] in Tia under the isomorphism 
in Proposition 5.3. 

Note that F^ commutes with any element in Ti^- In fact by (7.2.1) Fa G 
R[^i, ■ ■ ■ ■^n]'^" with &a = &ni X ■ ■ ■ X ©n^, and a similar argument as in [SawS, 
Lemma 2.8] can be applied. In particular, yx commutes with Fq,. Let * : — > 
be the anti-automorphism. Since are fixed by *, F^ is fixed by *. Also yx is 
fixed by * since the corresponding elements in Ti-ukn fixed by *. We have the 
following lemma. 

Lemma 7.3. For each t,5 e Std(A), we have 

Proof. By the construction in 7.2, we see that muFayx = fn^x^x for A such that 
ttp(A) = «. Thus rniiFayxTd(t) = rn^x^_ for any t G Std(A). If T G Tq{\uo') cor- 
responds to t G Std(A) under (5.1.2), and S^J G Tq{\,uj) with uj — cua, then we 
have (ps^rirnn) = mjAt. It follows that (ps^r = F^yxTd^t)- This shows that ^pss^ = 
'^d{s)^<^y>^- Take T G 7o'(A, a;') corresponding to t G Std(A). Since (psSu,{^n) — rUgix, 
we have 

"^n ■ T^(^^)FayxTd{t) = m^i^ ■ Ta^t) = nisi = ^ST{mn). 
Thus we have m^^ = cpsT = T*^s)FayxTd{t). □ 

7.4. For each /j, e A such that Q;p(//) = a, we define y^ G similarly as before, 
by extending the definition of yx for A G yl''". We define a right ideal of by 
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= FaVu^H^ and put Mp = 0^g^ M^. By Lemma 4.10, we have fnaF^y^ = 
and so rnaFaUfJi^ — fUiJi.^ — M'^. This shows that there exists an isomorphism 
(j) : — > M oiTC -modules by Fay^h i— > rnQFaVnh — m^h. 

Recall that {nisi \ S e%^{X,n),te Std(A) for A G gives a basis of M^. In 
connection with this, we define, for each 5" e /x), t e Std(A) with A e A~^, 

sestd{A) 

/x(s)=5 

The following lemma holds. 

Lemma 7.5. The set {m^^} gives rise to a basis of M^, and we have (p{m^i) ~ ffisi 
for each basis element. 

Proof. By the proof of Lemma 7.3, we know that mclm^^ — frist for any t, 5 e Std(A). 
It follows that mom^j = Wist G for any 5" G T^(X,iJi) and t G Std(A). In 
particular, we see that m^^ G M^, and the lemma follows. □ 

The following result gives the Schur-Weyl duality, i.e., the double centralizer 
property between Tl^ and . 

Theorem 7.6. Under the assumptions (5.1.1) and (6.3.1), there exist isomorphisms 
of R- algebras 

~ End^P Mp, ~ End|p Mp. 

Proof. We argue on M instead of Mp. The second isomorphism is already shown 
in (5.4.1). So we prove the first isomorphism. Let /i, z/ G yi be such that ap(/u) = 
ap(i/) = a, and take G Hom^p(M'^, M''). Since M'^ = fn^V^ , the map is 
determined by (p{m^). We show that 

(7.6.1) (^(m,) G Wq. 

In fact, since rnsi {S G A'-), t G Std(A)) gives a basis of M^, one can write 

S,i 

with cst e R- By (6.1.4), we have 

(7.6.2) ^{m^^i) = ^ csiTfist 

s,t 

for i = 1, . . . , n, where b{i) — k ii Uk + 1 < i < Uk + n^. On the other hand, by 

(6.1.3) , we have 

(7.6.3) (fim^^i) = ip{mu)ii = ^ cstQ^^i^Wist, 

S,i 
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where t(i) — k ii the letter i is contained in t''^' (see the remark after (6.1.3)). 
Comparing (7.6.2) and (7.6.3), wc sec that t e Std(A)o. Since Mq is spanned by 
fnsi with t G Std(A)o, we obtain (7.6.1). 

Let be the subalgebra of Ti,^ as before. Since Mq = fn^Ti,^, and similarly 
for Mq, it follows from (7.6.1) that any ip e Hom^p(M'', M^) has the property that 
93(Mo) C Mq. Thus we have a natural i?-linear map 

e" : Rom^p{W,W) Hom^o (Mq, Mq), 



which is clearly injective. Let H^^,^ be the fiu-part of as in (4.9.2). Since the 

action of on Mq coincides with the action of Tt^, we see that there exists an 
i?-linear isomorphism 

by Lemma 4.12. On the other hand by (5.4.2), we know that there exists an injective 
map 6' : H^j^^ — > Hom^p(M'', M'*). It is clear that the composite of 6' and 6" 
coincides with 0. Hence 9' is an isomorphism. This shows that ~ End^p M, 
and the theorem follows. □ 

Remark 7.7. The assumption (6.3.1) is used to give an expression of M as an 
ideal of H^. But the Schur-Weyl duality holds for M without referring the ideal 
Mp. In that case, (6.3.1) can be replaced by a weaker assumption "the parameters 
Qf , . . . , are all distinct" . 

By making use of Theorem 7.6, we obtain the following additional information 
on the space = Hom^(M^, M^). Put mP = F^yu so that M^ = m^H^. 

Proposition 7.8. Let e A such that Q;p(/i) = 0£p{u) — a. 

(i) The map (p i— > (fiim^) gives an isomorphism of R-modules, 

Hom^p(M^,M^)^M;*nM^, 

where M^* = H^m^ is the image of under the operation *. 

(ii) We have 



Proof. For each m e Mp* Pi Af^', the map m^h i— > mh {h e Ti^) gives a well- 
defined map e Hom^(Mp, Af^), and the map m i— > gives an i?- linear map 
M^* n Hom:^p(M^, M^), which is clearly injective. 

On the other hand, we have 

Hom^p(M;, M^) = Hom^p(M;, M^) 

~Hom^a(mP7i'„mP?i°) 

~ HomH„(M^'" ® • • • M'^'"', M'^'" (g) • • • (g) M'^'"'), 
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where TYa = "^m.n ® • • • (8) 'Hng,rg- (Note that rn^Ha corresponds to Mq under the 
isomorphism ~ M^.) It is known, by [DJM] that the last set is isomorphic to 
T^aUi' ^ Vfi^a ^ -R-modules. Hence 



via the map (p y?(mP). But since m^Ti.^ = FaVuTi.^ and commutes with i/i, 
and Ti^^, we see that {rn^Ti.^^)* = FaT^^yy. This shows that 

Hom^p(MP, MP) ~ F^iji'^y, n i/X) ^ K* ^ 

where the first isomorphism is given by the map (/? ^ ipijn^). Both statements of the 
proposition follow from this, by combined with the remark in the first paragraph. □ 

8. Comparison of for various p 

8.1. We shall consider the relationship among and for various types 
p. First consider the case of 5^. Let p = (ri, . . . , r^,) and p' = (r'^, . . . , r^) be two 
compositions of r. We define (p^, . . . for p' similar to p. We write p' ^ p if 
p' is obtained as a refinement of p, namely if pj coincides with some p'^. for each 
j. In particular, we have (!'') ^ p ^ (r) for any p. Assume that p' ^ p. Then we 
see that ap(A) > ap(yu) if ap/(A) > ap/(/x) for A, e yl. Moreover, Q;p(A) = Q;p(/x) if 
Q!p/(A) — a-pi{^). This implies that 

(8.1.1) <SP' C 5P if p' ^ p. 

Concerning the modified Ariki-Koike algebras H^, we have the following. 

Proposition 8.2. There exists an algebra homomorphism pp>p : — > Tl^ for any 
pair p, p' such that p' p satisfying the following property; for p" p' p, we 
have pp//p = pp//p/ o pp/p. 

Proof Let M = Q^M" be the Ti-module defined by jV^pCM) as before. We denote 
M by Mp to indicate its dependence on p. Assume that p' :< p. Then we have a 
natural surjection Mp — ^ Mp' of Ti-modules. If we regard Mp as a left iS^-module, 
and Mp' as a left -module, then the map Mp — Mp' is compatible with the 
actions of and via the inclusion ^ S^. Let Mp = 0^M^ be as m 
7.4. By Theorem 7.6, is realized as = End^p Mp. By using the property of 
the cellular structure of Ti^ described in the beginning of Section 7, together with 
Lemma 7.5, the above property of Mp can be made more precise for Mp as follows 

(which is a generahzation of the argument in 4.1). Let Np^'^^^ be the i?-submodule 
of spanned by m^^ such that s,t e Std(A) with ap'(A) > ap/(//). Then Np^'^^^ is 
a two-sided ideal of W. Put M^ = M^ n Np^'^^K Then M^ is an 7^^-submodule of 
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with the basis {m^^ \ S e 7^{X,fj,),t e Std(A), ap/(A) > ap/(//)}, and we have 
an isomorphism of i?-modules 

A similar argument as in 4.9 shows that any (p e H^,^ maps to M^, and so 
(/? e 5^ = End^pMp induces an action on Mp/Mp, where Mp = 0^M^- This 

gives an isomorphism Mp/ Mp ~ Mp/ as 5^ -modules. 

Now the action of on Mp induces an action on Mp/Mp, which is compatible 
with the action of S^. Hence this induces an action of Ti.^ on Mp/ compatible with 
the action of . Thus we have an it!-algebra homomorphism 

Pp'p : End°p, Mp/ ~ Tc"' . 

s 

It is clear that this map pp/p satisfies the required property. □ 

8.3. In the case where p = (r), we have ^ H, and in the case where 
p' = (F), we have Ti,^ ~ 7Y, the modified Ariki-Koike algebra introduced in [SawS]. 
We have p' ^ p, and the map Pp/p : — > coincides with the map po given in 
[SawS, Lemma 1.5]. We consider the following separation condition on parameters 
of H, which was first introduced in [A]. 

(8.3.1) q'^'^Qi — Qj E R are invertible in R for |A;| <n,i ^ j. 

Note that the condition (8.3.1) is stronger than the condition (6.3.1) for any p. 
It is shown by [SawS, 8.3.2], based on the result in [HS], that Pq : Ti 7i gives 
an isomorphism if the separation condition (8.3.1) holds. We have the following 
corollary. 

Corollary 8.4. Suppose that the condition (8.3.1) holds for H. Then H ~ 
for any p. In particular, Theorem 6.8 gives a new presentation for the Ariki-Koike 
algebra Ti. 

Proof. We have (1^) ^ p (r) for any p. Since po : H ^ H is a,n isomorphism, 

the map pp>p : — > ~ 7i is surjective by Proposition 8.2 for p' = (I''). Since 
both of Ti. and Ti.^ are free i?-modules of the same rank, we obtain Ti.^ ~ Ti. as 
asserted. □ 
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